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SUMMARY

Nonrapid eye movement sleep is characterized by high-amplitude and low-frequency electroencephalog-
raphy signals. These signals are thought to be produced by the synchronized activity of cortical neurons,
demonstrating the alternating bursting (up) and resting (down) states. Here, such an activity is referred to
as up-down oscillation (UDO). Previously, we discussed the importance of the Ca?*-dependent hyperpolar-
ization pathway in the generation of UDO by simulating neuronal activity based on the Hodgkin-Huxley-type
model. We herein focus on intracellular Na* dynamics. The Na*-centered model indicates that the activation
of voltage-gated Na* channels leads to intracellular Na* accumulation, which in turn activates Na*-dependent
K* (KNa) channels or Na*/K* ATPases, resulting in the down state. Activation kinetics of voltage-gated Na*
channels are important in shaping the UDO firing. Therefore, our model demonstrates that voltage-gated
Na* and KNa channels or Na*/K* ATPases are candidate pathways for UDO induction.

INTRODUCTION

Electroencephalogram (EEG) is employed to observe the
ensemble activity of cortical neurons during the sleep and awake
states. Previous studies have shown that a high-amplitude and
low-frequency EEG pattern is observed during nonrapid eye
movement (NREM) sleep.” The EEG activity is a slow-wave activ-
ity. When this activity is perceived, a characteristic electrophys-
iological firing pattern is detected in the cortical neurons, which
is composed of two states: a depolarized bursting phase (up
state) and a hyperpolarized resting phase (down state).”® The
depolarized phase is referred to as the up state, and the hyper-
polarized phase as the down state.* Hereafter, we call this alter-
nating up-/down-state pattern as up-down oscillation (UDO).
Several computational models including the Hindmarsh-Rose
model successfully recapitulated UDO.°® In the Hindmarsh-
Rose model, in addition to variables denoting the membrane po-
tential and variables denoting fast ionic components, one vari-
able denoting the adaptation component is found to be crucial
for producing a cyclic bursting trajectory.® Adaption component
requires recording firing activity during bursting and utilizing
these data to dynamically adjust its behavior, potentially
leveraging memristive properties for adaptive functionality.
Memristive properties can be embodied by memristive ion
channels® or other mem-elements such as memcapacitors. '’

However, molecular entities of these memristive components
supporting UDO remain elusive. In a previous study, UDO was
achieved using the averaged-neuron (AN) model."" This model
describes neuronal firing based on the Hodgkin-Huxley model'?
and incorporates 13 components, including receptors of neuro-
transmitters, ion channels, and Ca®* pumps. The AN model
leveraged the concept of mean-field approximation and enabled
detailed analyses of individual components. In a later study, a
simplified version of the AN model (SAN model)'® was developed
to conduct a mathematical analysis on the mechanisms underly-
ing UDO. In the AN/SAN models, Ca®*-dependent hyperpolariz-
ing currents mediated by Ca®*-dependent K* (KCa) channels
mainly contribute to the induction of the down state. Meanwhile,
the role of Na*-dependent K* (KNa) channels is indicated in a
previous study.'® KNa channels are supposed to regulate the
resting membrane potential and the firing rate adaptation.'>'®
The activation of KNa channels is dependent on the intracellular
Na* concentration. Typically, the increase in the intracellular Na*
concentration is mediated by voltage-gated Na* channels.
However, whether the activation of voltage-gated Na* channels
induces hyperpolarization of the down state in UDO remains un-
clear. This is because voltage-gated Na* channels that activate
KNa channels also create depolarizing currents.

Typical voltage-gated Na* channels are fully inactivated within
afew milliseconds; however, residual Na* currents are observed,
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Figure 1. Construction of the NAN model by incorporating UNaV channels
(A) Schematic diagram of the AN, SAN, NAN, and FNAN models. Some of the channels and pumps included in the AN model' " are included in the other models. In
the NAN and FNAN models, KNa channels, UNaV channels, and Na* pumps/exchangers are newly incorporated.

(legend continued on next page)
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which are referred to as persistent Na* currents.’” An electro-
physiological measurement showed that persistent Na* currents
are observed due to the activation of Na* channels at a lower
voltage and the slower inactivation of these channels than that
of the channels described in the Hodgkin-Huxley model.'®

Meanwhile, the major factor responsible for Na* efflux is Na*/
K* ATPases. These ATPases exchange intracellular three Na*
and extracellular K* by consuming the energy of the ATP hydro-
lysis."® This activity is enhanced if the intracellular Na* is
elevated.?’ Generally, Na*/K* ATPases restore the concentra-
tion gradient of Na* and K* between the inside and outside of
the cells, which is counteracted by passive diffusion during the
occurrence of the action potential.

The Na*- and Ca?*-dependent hyperpolarization pathways
can similarly work in the up-to-down-state transition. However,
such dependencies with different influx and efflux currents as
well as baseline concentrations of intracellular Na* and Ca®*
may lead to different UDO characteristics. Alternatively, these
hyperpolarization pathways may serve redundantly for the in-
duction of the down state, leading to the robust induction of
UDO. In this study, we investigated the possible role of the
Na*-dependent hyperpolarization pathway in inducing UDO.
Furthermore, we modified the previous AN and SAN models to
incorporate the changes in the kinetics of the voltage-gated
Na* channel. We also focused on the quantitative difference be-
tween the Na*- and Ca2*-dependent hyperpolarization path-
ways. Our results indicated that the former pathway is one of
the candidate mechanisms that induce the down state of UDO.

RESULTS

Construction of the NAN model by incorporating the
universal voltage-gated Na* channel

Tatsuki et al. (2016) demonstrated that the Ca®*-dependent hy-
perpolarization pathway contributes to the induction of UDO with
the AN model."" In this model, there is a gradual intracellular
Ca?* accumulation during the up state, and such an accumula-
tion activates KCa channels to induce the up-to-down-state
transition. During the down state, intracellular Ca®* gradually
diminishes due to the action of Ca?* pumps/exchangers. How-
ever, the AN model and the subsequent simplified SAN model'®
do not consider the role of Na* dynamics in inducing the up-to-
down-state transition. A possible mechanism for the induction of
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the Na*-dependent down state is the KNa current activation dur-
ing the up state to induce hyperpolarization and subsequent
decrease in intracellular Na* by Na* pumps/exchangers. Inward
Na* currents are mainly mediated by voltage-gated and leak Na*
channels.

To determine whether such an Na*-dependent mechanism is
the underlying mechanism for inducing UDO, we developed an
alternative SAN model, taking into consideration the role of the
Na* dynamics, referred to as the Na*-centered AN (NAN) model
(Figure 1A). This model leverages the concept of mean-field
approximation for a population of neurons to extract character-
istic dynamics independently of specific neural circuits. The
Na* dynamics was implemented by voltage-gated Na* channels,
leak Na* channels, and Na* pumps/exchangers. Furthermore,
we considered the role of KNa channels (Figure 1A).

Persistent Na* currents are incorporated in the AN and SAN
models'"'®; Figure 1B illustrates the inactivation and activation
curves of persistent Na* currents. As regards the Na* current,
we herein consider voltage-gated Na* channels, which are
expressed as follows:

Inav = GnavMinav* Ay (V — Via) (Equation 1)

Mgy = am / (am + ﬁm) (Equation 2)

am =01(V+33+x)/[1 —exp(— (V+33+x)/10]
(Equation 3)
Bm = dexp(— (V +53.7 +x)/12) (Equation 4)

thaV
at

= 4 (an (1 — Anav) — Bh hnav) (Equation 5)

an = 0.07exp (— (V +50+y)/10) (Equation 6)

Br=1/1+exp(— (V+20+y)/10)] (Equation 7)

where gnay denotes the conductance of voltage-gated
Na* channels; myay, activation parameter of voltage-gated Na*
channels; hnay, inactivation parameter of voltage-gated Na*
channels; Vs, reversal potential of voltage-gated Na* channels;
V, membrane voltage; and t, time.

(B) The changes in the activation/inactivation curve of UNaV channels alter the persistency of UNaV currents. (Left) The blue curve denotes the activation curve of
persistent Na* channels, whereas the purple curves denote the activation curve of modified voltage-gated Na* channels (universal Na* channels). The red curve in
the left figure denotes the activation curve of voltage-gated Na* channels with typical voltage sensitivity. When the value of parameter x increases, the purple
curve shifts leftward (i.e., increased persistency). (Right) The blue, purple, and red curves denote the inactivation curve of the corresponding channels, as shown
in the left panel. When the value of parameter y decreases, the purple curve shifts rightward (i.e., increased persistency). The mathematical formulas for these
channels are taken from the study by Tatsuki et al. (2016),"" which is based on the study by Compte et al. (2003)."

(C) Workflow of the random parameter search. A total of 1,131 parameter sets of the NAN model with UDO were obtained. The UDO parameter sets were
subsequently used in the bifurcation analysis.

(D) The normalized membrane potential and intracellular Na* are presented for all the 1,131 UDO parameter sets.

(E) Representative UDO and intracellular Na* concentration of the NAN model. The right panels are magnified images.

(F) Results of the bifurcation analysis with all parameters in the NAN model. Each panel explains the result of the bifurcation analysis for the indicated parameter.
Each channel conductance or time constant was gradually changed within the range from 1072 to 102 times its original value. The parameters x and y were
changed within the range from —45.0 to +45.0 from the original value. The vertical axis shows the ratio of the parameter sets showing the indicated firing pattern
(UDO, AWAKE, RESTING, or other patterns). The criteria for the classification are based on the previous study '’ (see STAR Methods). See also Figures S1, S2, S7,
and Table S1.
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In these equations, the activation parameter my,y denotes the
voltage sensitivity for the channels’ activation. The inactivation
parameter hyay denotes the voltage sensitivity for the channels’
inactivation. These voltage sensitivities (i.e., myav and/or hyay)
can be dynamically modulated through posttranslational modifi-
cations. Thompson et al. (2017) reported that sodium channel
protein type 2 subunit alpha 1 (SCN2a1) phosphorylation by cal-
cium/calmodulin-dependent protein kinase Il (CaMKIl) resulted in
the rightward shift of the inactivation curve.?’ In addition, Daskal
and Lotan reported that the phosphorylation of rat brain Na*
channels by protein kinase C resulted in the rightward shift of
the activation curve.?® Inactivation failure can lead to Na* cur-
rents with some degree of persistency against voltage dynamics
(herein referred to as “persistent-like” Na* currents). In our
model scheme, these “persistent-like” Na* currents can be
described by either increasing the parameter x or decreasing
the parameter y in Equations 3, 4, 5, 6, and 7. An increase in x
leads to the upregulation of currents mediated by the channels
as x represents the shift of the activation curve and the leftward
shift activates the channels at a lower membrane voltage.
Contrarily, a decrease in y leads to the upregulation of currents
mediated by the channels (Figure 1B) as y represents the shift
of the inactivation curve and the rightward shift causes the chan-
nels to remain active at a higher membrane voltage. Thus, either
increasing x or decreasing y leads to the channels’ activity similar
to that of persistent Na* channels (Figure 1B). If x = y = 0, the
equations represent voltage-gated Na* channels without such
voltage-sensitivity modifications and are utilized in the AN and
other models.""'® To distinguish this “normal” setting for
voltage-gated Na* channels, we will call voltage-gated Na*
channels with parameters x and y (i.e., x # 0 and y # 0) universal
voltage-gated Na* (UNaV) channels.

The dependence of the activation parameter of KNa channels
on intracellular Na* concentration was mimicked by fitting previ-
ously reported data.'® However, the KCa channels and Ca®*
pumps/exchangers involved in the SAN model were not consid-
ered in the NAN model, assuming that the roles of KCa currents
can be replaced by those of KNa currents. The other receptors
and channels found in the SAN model were incorporated in the
NAN model as they are essential in the induction of a bursting
pattern and the AWAKE-UDO transition'® (Figure 1A). Na*
pumps/exchangers were introduced as linearized pumps, in
which the speed of Na* uptake follows the sodium current and
intracellular Na* concentration. Briefly, the differences between
the SAN and NAN models are the presence of UNaV channels,
KNa channels, and Na* pumps/exchangers and the absence
of KCa, persistent Na* channels, and Ca®* pumps/exchangers.

To find parameter sets that induce UDO with the NAN model,
we comprehensively searched for parameters describing the
conductance of ion channels, time constant for Na* efflux, and
parameters x and y for UNaV channels (Figure 1C). Of the
4,000,000 randomly generated parameter sets, 2.4 X 107%%
(~1,000) demonstrated UDO, indicating that the pivotal roles of
KCa currents in the induction of UDO can be replaced by those
of KNa currents. UDO demonstrated intracellular Na* waves that
were coupled with the membrane potential (Figures 1D and 1E).
Notably, the representative parameter set was selected by con-
ducting principal-component analysis (PCA) to the ~1,000
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parameter sets with UDO. The typical parameter set was
selected from the area with parameter set enrichment.

To explore the potential roles of each parameter in UDO induc-
tion, we conducted bifurcation analysis, where each channel
conductance or time constant was gradually changed within
the range of 1072 to 102 times its value. The parameters x and
y were changed within the range of —45.0 to +45.0 from the orig-
inal value (Figure 1F).

Figures 1F and S1A present the bifurcation diagrams for each
parameter in the NAN model. An increase in x led to the AWAKE-
UDO transition (see the yellow and cyan curves). This is consis-
tent with the anticipated role of the Na*-dependent hyperpolar-
ization pathway in inducing the down state. An increase in x
leads to an effective Na* accumulation at a lower membrane
voltage, which can activate KNa channels to induce hyperpolar-
ization for the down state. Similarly, an increase in Na* accumu-
lation by a lower y or a higher UNaV channel (gynav) conductance
leads to the AWAKE-UDO transition, further supporting the role
of the Na*-dependent hyperpolarization pathway in inducing
the down state. Interestingly, parameter x may have a strict
constraint for UDO induction. This is evident from the narrow
range of UDO (cyan curve) shown in the x bifurcation diagram
compared with those in y and gynav (Figure 1F). The strict
constraint for parameter x is also evident from the distribution
of the parameters inducing UDO (Figure S1B). Furthermore,
the distribution indicates that the value of x should be strictly
positive, suggesting that a lower voltage threshold for the activa-
tion curve of UNaV channels is necessary for UDO induction in
the NAN model. However, the distribution of parameter y indi-
cates the mild constraint of this parameter for UDO induction
(Figure S1B).

The importance of intracellular Na* level for the induction of
the down state in the NAN model is also supported by the finding
that an increase in the conductance of the KNa channels (gxna)
and the time constant of Na* pumps/exchangers (ry5) resulted
in the AWAKE-UDO transition (see yellow and cyan curves).
This is consistent with the anticipated role of the Na*-dependent
hyperpolarization pathway driven by gkna. An increase in myg is
expected to promote effective accumulation of intracellular
Na*. Interestingly, gkna Mmay have a loose constraint for UDO
induction.

Meanwhile, an increase in the conductance of voltage-gated
Ca?* (gca) or voltage-gated K* (gk) channels led to the UDO-
AWAKE transition. The NAN model does not involve the KCa
channels, and, thus, the main role of voltage-gated Ca®* chan-
nels in the NAN model may be to upregulate neuronal excitability.
The roles of voltage-gated K* channels in inducing the AWAKE
firing pattern can be estimated through an in-depth investigation
of the intracellular Na* level: at a higher gk, the intracellular Na*
does not accumulate even in the up state, indicating the attenu-
ation of Na* influx (Figure S1C).

Notably, the changes in the conductance of the leak channels
(9u) had less effect on the UDO-AWAKE transition, indicating that
leak channels are not important in the induction of UDO in the
NAN model.

The NAN model does not include ion channels depending on
the intracellular Ca®* (e.g., KCa channels). However, we kept
the voltage-gated Ca%* channels in the NAN model due to the
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(A and B) Representative time course of membrane voltage in the NAN model. The parameter set for this graph is the same as that for Figure 1E. The yellow areas
denote the down state, whereas the white areas denote the up state. The area surrounded by the black square indicates the place where it is magnified in panels.

(B) is the magnified image of (A).

(C-F) The time in Figures 2C-2F is the same as that in Figure 2B. (C) Time course of inward currents. “UNaV” denotes currents with UNaV channels; “CaV,”
currents with voltage-gated Ca®* channels; and “LeakNa,” currents with leak Na* channels. The bottom-right figure is the magnification of the time courses of
these currents. (D) Time course of outward currents. “LeakK” denotes the currents with leak K* channels; “Kvhh,” currents with voltage-gated K* channels; and
“KNa,” currents with KNa channels. The bottom-right figure is the further magnification of the time courses of these currents. (E) Time course of intracellular Na*.

(F) Time course of the inward/outward Na* currents.

(legend continued on next page)
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following reasons. We tested different versions of the NAN model
without voltage-gated Ca>* channels (NAN model with g, = 0,
Figure S2A). This model is capable of inducing UDO. The distri-
bution also indicates that the value of x should be strictly posi-
tive, suggesting that a lower voltage threshold for the activation
curve of UNaV channels is necessary to induce UDO in this
model (Figure S2B). However, the bifurcation diagram of the
conductance of UNaV channels (gynav) shows that either an in-
crease or a decrease in the conductance can lead to the UDO-
AWAKE transition (compare gynayv panel in Figures S2C and
1F). Briefly, the role of UNaV channels in inducing UDO is un-
clear. This is probably because Na* currents have two roles: a
facilitator of depolarization and a facilitator of hyperpolarization
induced by the KNa currents. Meanwhile, the voltage-gated
Ca?* channels in the NAN model only play the role of a facilitator
of depolarization. Thus, the presence of voltage-gated Ca®*
channels (i.e., original NAN model in Figure 1A) may support
the role of UNaV channels as a facilitator of hyperpolarization
by activating the KNa currents. The clear distinction of the
UDO-AWAKE transition in the gynav bifurcation was demon-
strated in the original NAN model.

Na* accumulation drives the up-to-down-state

transition

We investigated the mechanism of UDO by analyzing the ordi-
nary differential equations (ODEs) trajectory around the up-to-
down-state transition (Figures 2A and 2B). Figures 2C and 2D
illustrate that the action potential during the up state is initiated
by UNaV channels and sustained by voltage-gated Ca?* chan-
nels. The action potential is inhibited by the activation of
voltage-gated K* and KNa channels. During the down state,
most of the hyperpolarization currents are mediated by the
KNa current. This is contrary to what is observed in the AN and
SAN models, demonstrating the importance of KCa currents in
the hyperpolarization during the down state. In the NAN model,
leak K currents also constitute the hyperpolarization current,
which is consistent with the SAN model. Figures 2E and 2F illus-
trate that intracellular Na* cumulatively rises during the depolar-
ization phase (i.e., the up state) and then continuously decreases
after the onset of the down phase. The increase and decrease in
the intracellular Na* concentration can be explained by the
altered ratio of the overall activity between the UNaV/Leak Na*
channels (IN) and the Na* pumps (OUT) (Figure 2F).

To analyze the mechanism behind the down-state induction,
we plotted the trajectory of UDO in the phase space (Figure 2G).
The NAN model has four variables in the ODEs, namely, V, mem-
brane potential; nK, dimensionless quantity associated with the

iScience

activation of voltage-gated K* channels; hUNaV, dimensionless
quantity associated with the inactivation of UNaV channels; and
Na™*, intracellular Na* concentration. The coiled (blue trajectory)
and straight (yellow trajectory) parts correspond to the up and
down states, respectively. Figures 2H-2J present the intersec-
tion of nullplanes at fixed Na* concentrations. As the nullplane
is a set of points where the first derivative of a certain direction
is zero, a system on the intersection of two nullplanes only
evolves to the remaining variable; for example, on the intersec-
tion of V-nK null planes, only the hUNaV variable evolves.
Thus, null plane analysis enables us to understand the approxi-
mate ODE dynamics.

At alow Na* concentration (6.5 mM), the trajectory converges
to the stable limit cycle (Figure 2H), which corresponds to the up
state of UDO. At a moderate Na* concentration (7.15 mM), at
least two stable states are observed, a stable point and a stable
limit cycle, which correspond to the down and up states, respec-
tively (Figure 21). At a high Na* concentration (7.8 mM), the stable
limit cycle does not exist, and the trajectory converges to the sta-
ble point corresponding to the down state (Figure 2J). Figure 2K
summarizes the proposed mechanism of down-state induction
by the Na*-dependent hyperpolarization pathway. During the
early phase of the up state (i), voltage-gated Na* channels and
leak Na* channels are opened, and Na* enters the intracellular
environment. At this stage, the accumulation of intracellular
Na* is insufficient to activate KNa channels. During the late stage
of the up state, the intracellular Na* is gradually accumulated (i),
and, when it reaches a sufficiently high level, the power of KNa
currents is strong enough to induce the down state through the
activation of KNa channels (jii). Concisely, the phase planes of
the NAN model show that the alteration between the up and
down states is associated with the Na* concentration-depen-
dent transition of stable states (Figure 2K).

Parameter x is important for controlling several features
of wave pattern in the NAN model

Next, we investigated how several features of the wave patterns
produced in the NAN model are regulated by each parameter.
Each UDO parameter found in the random parameter search
(Figure 1C) slightly decreased or increased, and the effect of
the slight change on UDO was quantified. For the UDO charac-
terization, we focused on the up- and down-state duration, oscil-
lation period (defined as the duration of the up and down states),
amplitude of intracellular Na* oscillation, and interspike interval
(ISI) during the up state. Figures 3A-3G demonstrate that param-
eter x extended the down-state duration, oscillation period, and
Na* oscillation amplitude and shortened the ISI. This suggests

(G) Trajectory of the NAN model plotted on a three-variable space: membrane voltage (V), activation parameter of the voltage-gated K* channel (nK), and
intracellular Na*. The blue line denotes the trajectory corresponding to the up state, whereas the orange line denotes the trajectory corresponding to the down

state.

(H-J) The intersection of V nullplane and inactivation parameter of the universal Na* channel (hUNaV) nullplane is denoted by the blue curve, whereas the
intersection of nK nullplane and hUNaV nullplane is denoted by the black curve. The red or yellow dot denotes the initial condition of the integration with ODEs.
The black dots denote the fixed point(s) of the system. To reduce the number of variables from four to three, Na* is fixed at indicated values (6.5 mM, H; 7.15 mM, |;

or 7.8 mM, J).

(K) Schematic representation of the mechanisms inducing UDO with the Na*-dependent hyperpolarization pathway. (i) During the up state, there are transient Na*
inward currents, and Na* is pumped out by Na* pumps. (i) Gradually, intracellular Na* accumulates and the up state is terminated due to the dominance of
KNa currents. (i) During the down state, intracellular K* exits the cell mainly through KNa channels. Note that (i)—(iii) shown in Figures 2A-2F correspond to

schemes (i)—(iii).
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Figure 3. The activation parameter of UNaV is important for controlling several features of the wave pattern in the NAN model

(A) The effect of the slight upregulation of the value of each parameter alters the UDO characteristics. All the parameter sets inducing UDO are used in the analysis.
For parameters x and y, the UDO characteristics are calculated when the value of x and y is (1) 0.5 lower and (2) 0.5 higher than the original value. For the other
parameters, the UDO characteristics are calculated when the value is (1) 0.975 times of the original value and (2) 1.025 times of the original value. The value
calculated in (2) is divided by the value calculated in (1). The blue dotted line shows Logq, of fold change = O (i.e., perturbation does not alter each UDO
characteristic).

(B and C) Representative trace of the firing pattern when the value of x is (B) 0.5 lower and (C) 0.5 higher than the original value.

(D and E) Representative trace of the intracellular Na* oscillation when the value of x is (D) 0.5 lower and (E) 0.5 higher than the original value.

(F and G) Representative trace showing the ISI when the value of x is (F) 0.5 lower and (G) 0.5 higher than the original value.

(H) The trends of the ISl in UDO and AWAKE firing patterns. To effectively induce the AWAKE firing pattern for the majority of parameter sets with UDO, the amount
of perturbation was chosen based on the bifurcation analysis in Figure 1F (x, —7.2; y, +16.2; gk, X10"%2; gca, X10%% glek, X10720; gl ona, X 10%%8; gunay, X
10798 gynar X 10729 1y, X1072%). The parameter sets, which show the AWAKE firing pattern when each parameter is changed as above, are selected for each

(legend continued on next page)
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that x plays a major role in inducing UDO and Na* dynamics in
this model.

It has been demonstrated that the ISI during the up state of
UDO tends to be smaller than that during the wake time.>*> A
similar trend can be observed when bifurcation from UDO to
AWAKE was induced by changing the parameters x, y, gk, 9ca,
and gynav- However, such a reduced ISI in the up state was
hardly observed when bifurcation was induced by changing
gkna and 7y, (Figures 3H-3J). Parameters x, y, gk, 9ca, and
Junav, but not gkna and 7, are all related to the ion channels
whose activation is directly regulated by membrane potential.
This result indicates that the bifurcation of UDO to the AWAKE
firing pattern in in vivo neurons is associated with the changes
in voltage-related channel regulation.

To summarize, the increase in parameter x, which indicates
the shift in the activation curve of voltage-gated Na* channels
to make the Na* currents more persistent, leads to the elonga-
tion of the down-state duration and Na* oscillation amplitude
as well as shortening of the mean ISI of the up state in UDO.

The Na*-dependent hyperpolarization pathway can also
be implemented by Na*/K* ATPase

In the NAN model, Na* pumps/exchangers are described by Na*
pumps with linear kinetics. In the actual neurons, however, major-
ity of the Na™ efflux is mediated by Na*/K* ATPases that exchange
2 K* and 3 Na* ions coupled with ATP hydrolysis.>* To explore the
possible contribution of Na*/K* ATPases as a molecular nature for
the export of Na* from the neurons, we developed an alternative
model (Figure 4A). We speculated that hyperpolarization driven
by Na*/K* ATPases is the main source of hyperpolarization cur-
rents inducing the down state. To focus on such a role for Na*/
K* ATPases, the revised model with Na*/K* ATPases does not
include KNa channels, which support the induction of the down
state in the NAN model, as previously described. Among the
50,000,000 randomly generated parameter sets, 2.0 x 107°%
(~1,000) of them achieved UDO in the revised NAN model, sug-
gesting that the pivotal roles of KNa currents in inducing the
UDO can be replaced by Na*/K* ATPase currents. The intracel-
lular Na* concentration oscillates with the membrane potential
(Figures 4B and 4C). Figures 4D and S4A present the bifurcation
diagram in the revised NAN model. The decrease in the conduc-
tance of Na*/K* ATPases (gnax) resulted in the UDO-AWAKE tran-
sition, supporting the importance of Na*/K* ATPases-mediated
hyperpolarization currents for the induction of the down state.
Figures 4E and S4B illustrate the distribution of each parameter.
The distribution of gnak Observed in the UDO parameter sets is
restricted in the larger gnak (Figure 4E), suggesting that a
sufficiently large gnak is required to induce UDO.

Figures 4F-4l illustrate that the action potential during the up
state is initiated by UNaV channels. Such an action potential is
ceased by the activation of voltage-gated K* channels and
Na*/K* ATPases. During the down state, ~75% of the hyperpo-
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larization current is mediated by Na*/K* ATPases currents. The
rest of the ~25% hyperpolarization current is mediated by leak
K* currents, consistent with the SAN model."® Figures 4J and
4K illustrate that intracellular Na* cumulatively increases during
the depolarization phase (i.e., the up state) and then continuously
decreases after the onset of the down state. The increase and
decrease in intracellular Na* concentration can be explained
by the altered ratio of the overall activity between UNaV/Leak
Na channels(IN) and Na*/K* ATPases (OUT) (Figure 4K).

The role of parameter x in inducing UDO is consistent be-
tween the NAN and the revised NAN models: increase in
parameter x elongated down-state duration and Na* oscillation
amplitude and decreased ISI| in the up state during UDO
(Figures 4L-40 and S4C). Similar to the case of gnak, the
perturbation on gnak resulted in the decrease in the ISI across
the UDO-AWAKE transition state, which is opposite direction
observed in the tendency of ISI transition in vivo, suggesting
that other factors, such as x, are responsible for the UDO-
AWAKE transition in vivo.

The Full-NAN model shows the importance of the Na*-
dependent hyperpolarization pathway

To evaluate the role of the Na*-dependent hyperpolarization
pathway in the presence of multiple pathways, some of which
are not explicitly described in the NAN and SAN models, we
developed a full-NAN (FNAN) model. The FNAN model includes
all channels/pumps in the original AN model'" as well as the
NAN model. This model consists of 3 neurotransmitter recep-
tors and 13 ion channels and pumps (see Figure 1A). Among
the ~24,000,000 randomly generated parameter sets, 8.9 X
107°% (~2,000) of them achieved UDO. To identify which ion
channels/pumps play a pivotal role in the induction of UDO,
we next conducted “knockout experiments” where we
removed the contribution of each ion channel/pump. The
removal of gamma-aminobutyric acid receptor (GABAR) cur-
rents did not disrupt UDO in majority of the parameter sets (Fig-
ure S5A). Thus, we decided to exclude GABAR in the subse-
quent analysis. The knockout of KNa channels led to the
UDO-AWAKE transition in majority of the parameter sets,
which otherwise induced UDO. Meanwhile, the knockout of
KCa channels did not alter the firing pattern in most cases (Fig-
ure 5A), suggesting that, in majority of the parameter sets in the
FNAN model, the Na*-dependent hyperpolarization (driven by
KNa channels) is more dominant than the Ca®*-dependent hy-
perpolarization (driven by KCa channels) in inducing the down
state. Indeed, only a few parameter sets exhibited an AWAKE
firing pattern when the conductance of KCa channels was set
to zero; moreover, among these 40 parameter sets, 31 showed
an AWAKE firing pattern by the knockout of KNa channels
(Figure S5B). In other words, KCa channels are only fully
responsible for the induction of UDO for only the remaining 9
out of 1,444 parameter sets. The prominent role of KNa

parameter’s analysis. The mean and standard deviation of ISI of the firing pattern are calculated for each parameter set. Dots with color denote the average of the
mean ISI of the parameter sets, and bars with color denote the standard deviation of the mean ISI of the parameter sets.

() Representative change of the mean ISI when the value of parameter x gradually changes in the representative parameter set.

(J) Representative trace showing the ISI when the firing patterns are UDO (upper) and AWAKE (lower). The UDO-AWAKE transition is induced by lowering the

value of parameter x. See also Figure S3.
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Figure 4. The Na*-dependent hyperpolarization pathway can also be implemented by the Na*/K* ATPase
(A) Schematic diagram of the NAN model with Na*/K* ATPases.
(B and C) Representative UDO and intracellular Na* concentration of the NAN model with Na*/K* ATPases.

(legend continued on next page)
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channels or the Na*-dependent hyperpolarization pathway is
further supported by the representative trace of the FNAN
model. Figure S5C illustrates that the peak and trough of the
Na* dynamics are correlated with the beginning and ending
of the down state, whereas those of the Ca?* dynamics do
not show a consistent increase or decrease during the up or
down state, respectively.

The role of UNaV channels, particularly for parameter x, is
mostly conserved in the FNAN and NAN models. Similar to the
case of the NAN model, the ISI shortening in the up state of
UDO was observed when AWAKE was induced by changing pa-
rameters x, y, and gynav (Figure 5B). Such a trend was hardly
observed when the bifurcation was induced by changing gkna
and 7na in the FNAN model, also consistent with the case of
the NAN model.

Furthermore, the FNAN model obscures the consistent
change in wave features (i.e., down-state period, Na* ampli-
tude, and ISI in the up state) upon the increase/decrease in
parameter x (Figure S5D; see also Figure 3A). This is possibly
because the FNAN model includes the redundant sources of in-
ward Na* currents, such as voltage-gated and persistent Na*
channels.

To determine whether the role of the Na*-dependent hyperpo-
larization pathway revealed so far requires the assumption in the
mean-field approximation of the model, we developed a neuronal
network with the FNAN model, in which neurons are explicitly con-
nected with N-methyl-D-aspartate (NMDA)- and alpfa-amino-3-
hydroxy-5-methyl-4-isoxazolepropionic acid (AMPA)-mediated
synaptic connections without the mean-field approximation (Fig-
ure 5C). Note that we set ggaga to 0 because UDO persists without
GABAergic currents.” We simulated the behavior of the network
FNAN model with 100 representative parameter sets. Figure 5D
shows the representative behavior of the network model exhibit-
ing UDO and AWAKE firing pattern. Subsequently, we determined
whether the tendency of ISI observed in the FNAN/NAN models is
also preserved in this network model (Figure S6A). The perturba-
tions to each parameter are given so that the wave pattern
changes from UDO to AWAKE. The amount of perturbation is
determined based on the bifurcation diagram of each parameter
(Figure S6B). Similar to the case of the single-cell FNAN model
(Figure 5B), ISI shortening in the up state of UDO was observed
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when AWAKE was induced by changing parameters x, y, and gy-
nav (Figure 5E). Such a trend was hardly observed when the bifur-
cation was induced by changing gkna in the network FNAN model,
which is consistent with the case of the single-cell FNAN model.

In summary, at least part of the role of the Na*-dependent hy-
perpolarization pathway in the NAN model is conserved in the
FNAN model regardless of the assumption of mean-field
approximation.

DISCUSSION

Possible mechanism for UDO with the NAN model

In this study, we developed the NAN model, which induces the
down state through the activation of K* currents triggered by
intracellular Na*. The NAN model showed that the KNa channels,
which have been reported to induce hyperpolarization after
bursting,'®?° are capable of driving UDO. UDO is induced
through a series of events summarized as follows. (1) During
the up state, Na* enters mainly through voltage-gated Na* chan-
nels and leak Na* channels to increase the intracellular Na* con-
centration. (2) The up-to-down-state transition occurs when the
intracellular Na* concentration reaches a certain threshold to
activate KNa channels. (3) During the down state, Na* exits
through Na*-pump/exchangers to decrease the intracellular
Na* concentration. In summary, the intracellular Na*-dependent
hyperpolarizing current drives the up-to-down-state transition.
Compte et al. (2003) reported the importance of KNa channels
by leveraging complex excitatory-inhibitory neuronal net-
works."® Our study demonstrated the significance of KNa
channels independent of such intricate connections and the
contribution of inhibitory neurons. The Na*-dependent hyperpo-
larization pathway could be implemented by several molecules
other than the KNa channels. For example, we demonstrated
that Na*/K* ATPases create a hyperpolarizing current depen-
dent on the accumulation of the intracellular Na* (Figure 4).

In the Na*-dependent hyperpolarization pathway, the activa-
tion of the hyperpolarizing current should be initiated in a
neuronal activity-dependent manner. An increase in parameter
x of voltage-gated Na* channels, which denotes the negative
shift of the activation curve, results in the increase in neuronal ac-
tivity. Therefore, an increase in x leads to UDO (through

(D) Results of the bifurcation analysis with all parameter sets by changing the value of parameter gnak. The classification criteria of UDO, AWAKE, RESTING, and

ELSE follow those of Tatsuki et al. (2016).""

(E) The distributions of the value of the conductance of Na*/K* ATPases in all parameter sets inducing UDO in the NAN model with Na*/K* ATPases.

(F and G) Representative time course of the membrane voltage in the NAN model with Na*/K* ATPases. The area surrounded by the black square indicates the
place where it is magnified in the subsequent imaging. (G) The magnified image of (F) in the area surrounded by the black square.

(H-K) The time in Figures 4H-4K is the same as that in Figure 4G. (H) Time course of inward currents. “UNaV” denotes the currents with UNaV channels; “CaV,”
currents with voltage-gated Ca2* channels; and “LeakNa,” currents with leak Na* channels. (I) Time course of outward currents. “LeakK” denotes the currents
with leak K* channels; “Kvhh,” currents with voltage-gated K* channels; and “NakK,” currents with Na*/K* ATPases. (J) Time course of intracellular Na*. (K) Time
course of the inward/outward Na* currents.

(L-N) The effect of slight upregulation of the value of each parameter alters the UDO characteristics. All the parameter sets inducing UDO are used in the analysis.
For parameters x and y, the UDO characteristics are calculated when the value of x and y is (1) 0.5 lower and (2) 0.5 higher than the original value. For the other
parameters, the UDO characteristics are calculated when the value is (1) 0.975 times and (2) 1.025 times of the original value. The value calculated in (2) is divided
by the value calculated in (1). The blue dotted line shows Log4, of fold change = O (i.e., perturbation does not alter each UDO characteristic).

(O) Trends of the ISI in the UDO and AWAKE firing pattern. To effectively induce the AWAKE firing pattern for the majority of the parameter sets with UDO, the
amount of perturbation was chosen based on the bifurcation analysis in Figures 4D and S4D (x, —3.6; ¥, +7.0; gk, X10%%%; gca, X10%%2; g ok, X107"8% g\ onay X
10%48; gunavs X 10724 gnak, X107 144, The parameter sets showing the AWAKE firing pattern when each parameter is changed as above are selected for each
parameter’s analysis. The mean and standard deviation of IS of the firing pattern are calculated for each parameter set. Dots with color denote the average of the
mean IS| of the parameter sets, and bars with color denote the standard deviation of the mean ISI of the parameter sets. See also Figures S4, S7, and Table S2.
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Figure 5. The Full-NAN model shows the importance of the Na*-dependent hyperpolarization pathway

(A) The result of knockout analysis with all parameter sets inducing UDO. When the contribution of a particular element is set to zero, the number of parameter sets
exhibiting the AWAKE firing pattern is indicated by orange, the amount of parameter sets showing the RESTING firing pattern by green, the amount of parameter
sets excluded from the analysis (ELSE) owing to their aberrant firing pattern by red, and the amount of parameter sets inducing UDO by blue. The classification
criteria of UDO, AWAKE, RESTING, and ELSE follow those of Tatsuki et al. (2016).""

(B) The trends of the ISI in the UDO and AWAKE firing pattern. To effectively induce the AWAKE firing pattern for the majority of the parameter sets with UDO, the
amount of perturbation was chosen based on the bifurcation analysis in Figure S5A (x, +12.6; y, +14.4; gunav, X1 07072 IKNas %x10729). The mean and standard
deviation of ISI of the firing pattern are calculated for each parameter set. Dots with color denote the average of the mean ISI of the parameter sets, and bars with
color denote the standard deviation of the mean ISI of the parameter sets.

(C) Construction of the network model. The network consists of excitatory neurons. Hence, the neurons are connected with AMPA- or NMDA-mediated synapses.
(D) Representative trace of all neurons in the network model. The upper figure shows a UDO-dominant network, whereas the lower figure shows an AWAKE-
dominant network where the conductance of KNa channels is set to be 0.01 times of what it is in the left figure.

(E) Trends of the ISI in the UDO and AWAKE firing patterns. The ISl in UDO in Figure 5F “normal” is compared with the AWAKE firing pattern in Figure 5F “gxna
down,” “gunav down,” “y up,” “x down,” and “x up.” Among the parameter sets showing UDO, changes in the firing pattern from UDO to AWAKE are seen when

(legend continued on next page)
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stimulation of neuronal activity-dependent hyperpolarization)
and decreased ISI during the up state (through stimulation of
the neuronal activity). The activation parameter x is also impor-
tant in shaping the UDO by modulating the Na* oscillation period
and amplitude (Figure 3A). Having the simulation results recapit-
ulating the tendency of ISI upon the UDO-AWAKE alteration
in vivo (i.e., the ISl during the up state in UDO tends to be shorter
than the ISI in the AWAKE firing pattern), parameter x is a candi-
date point in inducing changes between UDO and AWAKE firing
in vivo (Figures 3H-3J). The activation/inactivation kinetics of
voltage-gated Na* channels can be altered by posttranslational
modification along with the sleep-wake cycle as several kinases
were reported to alter the activation/inactivation kinetics of
voltage-gated Na* channels.?'*? Bruning et al. (2019) reported
that the phosphorylation level of voltage-gated Na* channels in-
creases under the light phase where the mice should have higher
sleep needs.?®

To summarize, posttranslational modification of voltage-gated
Na* channels and modulation of KNa channels or Na*/K*
ATPase in the context of Na*'-dependent hyperpolarization
pathway can be regulator of UDO in vivo, which are important
targets for experimental investigation based on this scheme.

The reversal potential of each ion in our model is approximated
as a constant value, as in previous studies.'""'®>'* To explore the
possible contribution of the dynamic change in the reversal po-
tential and intra/extracellular ion concentrations, we reformu-
lated the model to calculate the reversal potential and consider
all the changes in the intra/extracellular ion concentrations. Us-
ing the representative parameter set that induced UDO in the
original model, we demonstrated that the observed UDO is
conserved in the presence of such reformulations (Figure S7A),
suggesting that these dynamics, which are newly incorporated
in the revised model, have a minimal effect on UDO, at least in
the model using the representative parameter set. Similarly to
the NAN model, UDO is conserved in the revised NAN model
with Na*/K* ATPase, where the dynamic changes in the reversal
potential and intra/extracellular ion concentrations are newly
incorporated (Figure S7B), and also in the revised FNAN model
(Figure S7C).

Comparison with other mathematical models
recapitulating UDO

The essence of the NAN model’s scheme is that, during the up
state, the amount of intracellular Na* that can induce the down
state with the activation of KNa channels gradually increases,
and, during the down state, the amount of intracellular Na* grad-
ually decreases. The role of intracellular Na* in the NAN model in
inducing the down state can be played by other molecules. Pre-
vious studies have suggested that intracellular Ca2*""1%:2772% jg
the inducer of the down state. During the up state, Ca®* enters
through voltage-gated Ca®* channels, and, when it is accumu-
lated, KCa channels are activated, thereby inducing the down
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state. During the down state, plasma membrane Ca®* ATPases
(Ca2* pumps/exchangers) pump out intracellular Ca2*, reinitiat-
ing the up state. Another motif is the voltage-dependent slowly
activating K* channels,®® which is gradually activated during
the up state and induces the down state, and, as the membrane
potential is hyperpolarized during the down state, the channel is
gradually inactivated.

The induction of the down state can be achieved via activity-
dependent inactivation of the depolarizing current. Voltage-
dependent Na* channels®'° and Ca?*-dependent inactivation
of Ca®* channels®® are reportedly important in inducing the
down state. It is important to investigate the relative contribution
of the activity-dependent induction of hyperpolarization and
inactivation of depolarization for inducing the down state.

Relevance of the Na*-dependent hyperpolarization
pathway with previous studies

Several lines of evidence support the involvement of the Na*-
dependent hyperpolarization pathway in sleep regulation. The
bifurcation diagram in Figure 1F shows that the downregulation
of KNa currents altered the firing pattern from UDO to AWAKE.
One way to achieve the downregulation of KNa currents is to
decrease the intracellular K* concentration compared with the
extracellular K* concentration. In other words, lower extracel-
lular K* concentration may lead to sleep. This is consistent
with the previous study by Ding et al. (2016) showing that, during
sleep/anesthesia, the extracellular K* concentration falls.®® The
application of artificial cerebrospinal fluid mimicking the cere-
brospinal fluid in the sleep state induced sleep in vivo, demon-
strating the causal effect of extracellular ion condition on sleep.

Figure 3 shows that the alteration of the activation parameter
of voltage-gated Na* channels is important in inducing UDO.
The activation kinetics of voltage-gated Na* channels may be
dynamically regulated in the sleep-wake cycle, and phosphory-
lation of voltage-gated Na™ channels is one candidate for the
regulation. The phosphorylation level of one type of voltage-
gated Na* channel, namely SCN2a1, is increased when sleep
need is accumulated by the administration of MK-801, an
NMDA receptor antagonist,®® or during the light phase in which
mice typically sleep.”® The involvement of SCN2a in the sleep
control is demonstrated by showing that Scn2a deficiency leads
to increased wakefulness and decreased NREM sleep dura-
tion.®” As the regulation of the activation/inactivation kinetics
of a voltage-gated Na* channel often includes phosphorylation
of the channel,?"?? it is possible that SCN2a phosphorylation
leads to the left shift of the activation parameter, thereby
inducing sleep, as suggested by our model.

The bifurcation diagram in Figure 4D shows that the downre-
gulation of Na*/K* ATPase currents alters the firing pattern
from UDO to AWAKE. This is supported by animal experiments:
mice harboring an inactivating mutation in the neuron-specific
Na*/K* ATPase o3 subunit exhibit decreased sleep duration.*®

the value of the parameter is modified in that the majority of the parameter sets exhibit an AWAKE firing pattern instead of UDO. The exact amount of perturbation
given to each parameter is determined by the results of the bifurcation analysis in Figure S5A (x down, —12.6; x up, +12.6; ¥, +14.4; gunav, X107%7%; gkna» X
10~29). Parameter sets, which show AWAKE firing pattern when each parameter is changed as above, are selected for each parameter’s analysis. The mean and
standard deviation of ISI of the firing pattern are calculated for each parameter set. Dots with color denote the average of the mean IS| of the parameter sets, and
bars with color denote the standard deviation of the mean ISI of the parameter sets. See also Figures S5-S7 and Tables S3-S5.
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Also, the injection of ouabain, an inhibitor of Na*/K* ATPases,
enhances wakefulness in mice.*®

Relationship between the Na*- and CaZ*-dependent
hyperpolarization pathways

While the Na*- and Ca®*-dependent hyperpolarization pathways
are common in that they depend on neuronal activity-dependent
K* currents to induce the down state, they may have some qual-
itative differences. In the FNAN model where both the Ca®*- and
Na*-dependent pathways are incorporated, only the Na*-
dependent hyperpolarization pathway drives the up-to-down-
state transition (Figures 5A and S5A-S5C). In addition, there
may be a link that connects these two pathways. When the intra-
cellular Na* concentration is increased, the Na*-Ca®* exchanger
(NCX) serves to pump out intracellular Na* and allows the
transport of extracellular Ca®* to the intracellular environment.
This may lead to the cooperative action of the Ca®*- and Na*-
dependent hyperpolarization pathways to induce UDO.

Limitations of the study

The importance of the Na*-dependent hyperpolarization
pathway for sleep requires experimental validation. The NAN
model’s prediction of the changes in the neuronal firing pattern
upon the perturbation toward the Na*-dependent hyperpolar-
ization pathway (i.e., trend of bifurcation seen in Figure 1F, trend
of the up-/down-state duration, and IS| in Figures 3 and 4) would
be of particular interest for the assessment.

In the NAN model, we did not explicitly describe the local
concentration of Na*/Ca®* ions. For example, the KCa and
KNa channels would sense the ion concentration at the surface
of the soma, which is not essentially the same as the cytosolic ion
concentration.

The NAN model, which is described by a set of ordinary
differential equations, is too complex to be analytically solved.
Therefore, our conclusion derived by the model mostly relied on
numerical computing. Although we used over 1,000 solutions
showing UDO for detailed analysis to ensure the generalizability
of the statements, we could not rule out the possibility that some
of the conclusions shown herein depend on the specific parame-
ters used in the numerical simulation rather than the structure of
the ODEs.

In this study, we revealed the possible relation between the
UDO and Na*-dependent hyperpolarization pathway. In vivo
phenotype of UDO would be related to the duration of NREM
sleep, delta power, and in vivo electrophysiological patterns
of cortical pyramidal neurons. Therefore, in order to investigate
the role of this pathway in the regulation of slow-wave sleep
in vivo, such UDO-related sleep parameters need to be
analyzed in genetic knockout/knockdown animals lacking
components in the Na*-dependent hyperpolarization pathway
(e.g., KNa channels, Na*/K* ATPase, and voltage-gated Na*
channels).
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STARXMETHODS

KEY RESOURCES TABLE

REAGENT or RESOURCE SOURCE IDENTIFIER

Software and algorithms

C++17 ISO https://isocpp.org/

CUDA 11.8 NVIDIA https://developer.nvidia.com/cuda-toolkit
Python 3.7.0 Python Software Foundation https://www.python.org/

scikit-learn 1.3.2 scikit-learn https://scikit-learn.org/

SciPy 1.1.0 or 1.5.2 SciPy https://scipy.org/

Scripts for simulations and analyses This paper https://github.com/DSPsleeporg/

nanmodel

EXPERIMENTAL MODEL AND STUDY PARTICIPANT DETAILS

This study used mathematical models and did not use any biological samples.

ETHOD DETAILS

Formulation of several mathematical models for up-down oscillation with Na* dynamics

The models and parameters used in this study are based on the AN mode
studies

I."" The AN model is constructed based on previous

6-8.14.40.47 ysing the Hodgkin-Huxley-type equations.

The NAN model, NAN model without a voltage-gated Ca>* channel, NAN model with Na*/K* ATPase, and FNAN model are con-

structed as follows:

The formula for the NAN model is as follows:

v
CAZ—t = — A(/Leak + /K + IUNaV + IKNa + Ica) (Equation 8)
The formula for the NAN model without a voltage-gated Ca®* channel is as follows:
av .
CAE = — A(’Leak + I + IUNaV + IKNa) (Equatlon 9)

The formula for the NAN model with Na*/K* ATPase is as follows:

av

CAE = — A(ILeak + IK + IUNaV + INaK + lCa) (Equation 10)
The formula for the FNAN model is as follows:
av .
CAE = — Alleak + Ik + lunav + Ikna + lca + Ina + 1a + Iks + lkca + Inap + 1ar) — Invpa — lavea — lcaBa (Equation 11)

For all the models, C denotes the membrane capacitance; A, the area of a single neuron; V, the membrane potential; and I, the

electric current of each channel. The other parameters used in this study are listed in Tables S1-S5. Each intrinsic current is given

in

Equations 12, 13, 14, 15,16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44,

45, 46, 47, 48, 49, 50, 51, and 52:

el

liena = gLeNa(V - VLeNa) (Equation 12)
ek = Grek(V — Vi) (Equation 13)
lieak = Greak(V — Vieak) = liena +lex (Equation 14)
V ea - V eNa .
OieNa = gLeak# (Equation 15)
K — VlieNa
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VLeak - VK

Jiek = Qreaky;——,—
VLeNa - VK

Ik = QK”K4(V - V)

an

TtK = 4(an(1 = nk) — Bon)

ap = 0.01(V +34)/[1 —exp(— (V +34)/10)]
B, = 0.125exp (— (V + 44)/25)

Ikna = GrnaMina (V — Vi)
mia =1/ [1+ (Ke/INa"])/]

lca = geamea®(V — Vea)

mca = 1/[1 +exp(— (V +20)/9)]

lunavy = GunavMunay*honay (V — Via)
Munay = &m [ (am + Bm)

am =01(V+33+x)/[1 —exp(— (V+33+x)/10]
Bn = dexp(— (V +53.7 +x)/12)

dh UNaV

T =4 (Oéh (1 - hUNaV) — Bn hUNav)

ap = 0.07exp (— (V +50+y)/10)

B =1/1+exp(— (V+20+y)/10)]

e =one| (155) () |

INa = JNa mNashNa(V - VNa)

Myg = am/(am + lgm)
tm = 0.1 (V +33)/[1 —exp (— (V + 33)/10]
Bn = 4dexp (— (V +53.7)/12)

dhya
at

= 4 (an(1 — Ana) — B Pna)
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(Equation 16)

(Equation 17)

(Equation 18)

(Equation 19)

(Equation 20)

(Equation 21)

(Equation 22)

(Equation 23)

(Equation 24)

(Equation 25)

(Equation 26)

(Equation 27)

(Equation 28)

(Equation 29)

(Equation 30)

(Equation 31)

(Equation 32)

(Equation 33)

(Equation 34)

(Equation 35)

(Equation 36)

(Equation 37)
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ap = 0.07exp (— (V +50) /10)
By =1/[1+exp(— (V+20)/10)]
I = gama®ha (V = Vi)
ma = 1/[1 + exp(— (V + 44) /50)]

dhy  (Maw — ha)

W Tha
hae = 1/[1 +exp(— (V +80)/6)]
Iks = gks mks (V — Vi)

am
dth = (Mkso — mKS)/TmKS

Mks = 1/[1 +exp(— (V + 34) /6.5)]
Tmes = 8/[exp(— (V + 55)/30) + exp((V + 55) /30)]

Ikca = GkcaMkca (V — Vi)

Mica = 1 / [1 + (Kd / [Caz*])&s]

Inap = ONap mNaPoos(V — Via)
Mape = 1/[1 +exp(— (V +55.7) /7.7)]
Iar = 9ar hagr« (V — Vi)

hare = 1/[1 + exp(— (V +75) /4)]

iScience

(Equation 38)

(Equation 39)

(Equation 40)

(Equation 41)

(Equation 42)

(Equation 43)

(Equation 44)

(Equation 45)

(Equation 46)

(Equation 47)

(Equation 48)

(Equation 49)

(Equation 50)

(Equation 51)

(Equation 52)

(Equation 53)

Note that Ke and Kf in the formula of the KNa channels (22) are fitted based on the activation curve (Figure 2B in the previous

study).'® The formulation of the current mediated by Na*/K* ATPases (32) is incorporated from the previous study.?°

In the FNAN model, the description of synaptic elements is altered from the AN model so that they influence the membrane po-
tential but not the intracellular ion concentration. This assumption is different from that in the AN model that synaptic currents alter
the intracellular ionic concentration."” This is because a previous study reported that the ionic diffusion across the spine is negli-
gible*® and that the spine head functions as a separate compartment from the soma. Therefore, in the FNAN model, the actions
of NMDAR and AMPAR are described to be unrelated to intracellular Na* dynamics and that NMDAR is unrelated to intracellular
Ca2* dynamics. Each extrinsic current is given by Equations 54, 55, 56, 57, 58, 59, 60, 61, 62, and 63:

lavea = Gamra Sampa (V' — Vauea) (Equation 54)
doseen _ 3.48f(V) — SaweA (Equation 55)

at TAMPA
f(\V) = 1/[1 + exp(— (V - 20)/2)] (Equation 56)
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Invpa = Gnmpa Snvpa (V' — Vinupa) (Equation 57)
] = 0.5xnmpa (1 — Snwpa) — SmpA (Equation 58)

at XNMDA
Ihwoa _ 5 45 f(1y) — Xtwoa (Equation 59)

at TXnmDA
f(V) =1/[1 +exp(— (V — 20)/2)] (Equation 60)
leasa = Gaasa Saasa (V — Viasa) (Equation 61)
OSana _ () _ Scaea (Equation 62)
at TGABA

f(v) = 1/[1 + exp(— (V — 20) / 2)] (Equation 63)

Leak Na channels (NALCN channels) allow Na*, K*, and Ca2* currents.*® Therefore, the leak Na* current can be divided into Na*,
K*, and Ca®* currents as follows:

liena = Ina—nacen + Ik —nacen +lca—nacen (Equation 64)
Ine—naten = Gna—naten(V — Via) (Equation 65)
Ik —naen = Gk —nacen(V — Vk) (Equation 66)
lca-nacen = 9ca—naen(V — Vea) (Equation 67)
These must satisfy the following equation:
OieNa = GNa-NALCN + 9K —NALCN +9Ca - NALCN (Equation 68)

To determine the proportion of gna - nacens 9k —naLen, and gea - nacens €lectrophysiological recordings of NALCN channels are
used.”® Suppose that the reversal potential of NALCN channels is y; mV when [Na*], =155 mM.*® Suppose that the reversal potential
of NALCN channels is v, mV when [Na*], = 15.5 mM.*® Assuming that the reversal potential of Na* is V1 when [Na*], = 155 mM and
the reversal potential of Na™ is V. when [Na*], = 15.5 mM, based on the definition of reversal potential, the following equations hold:

Y1 = (gca-nacenVea + Gk —nacenVk + Ona—naenViat) / (Gna—naten + 9k —naten + 9ca—naLen) (Equation 69)
Y2 = (9ca—narenVea + 9k —nacenVk + Ina—narenVinez) / (Ona—naten + Gk —naLen + 9ca—NALCN) (Equation 70)
Therefore,
Y1 — Y2 = {Gna-naten / (Ona-nacon + Gk - nacen + gcanaten) H(Vivar — Vivaz) (Equation 71)
155 .
Va1 = 26.31In Na'], (Equation 72)
15.5 .
Va2 = 26.3In Na'] (Equation 73)
Therefore,
155 .
Va1 — Ve = 26.3 Inﬁ =26.3/In10 (Equation 74)
Therefore,
Ina—naten = (Y1 — Y2)(Gna—nacen + Gk —naen + Gca—nacen) /26.3 1010 (Equation 75)

iScience 28, 111904, February 21, 2025 e4




¢? CellPress iScience
OPEN ACCESS

Suppose that the reversal potential of NALCN channels is 61 mV when [K*], = 155 mM.*® Suppose that the reversal potential of
NALCN channels is 6, mV when [K*], = 15.5 mM.*® Assuming that the reversal potential of K* is Vk1 when K*], = 155 mM and
the reversal potential of K* is Vk, when [K*], = 15.5 mM, based on the definition of reversal potential, the following equations hold:

01 = (gca-naenVea + Gk —narenVikt + Gna—naenVina) / (Gna—nacen + 9k —naten + 9ca—NaLen) (Equation 76)
02 = (gca—narcnVea + 9k —narcnVkz + Gna—nacenVna) / (ONa—nacen + Gk —naLen + Gca—NALCN) (Equation 77)
Therefore,
01 — 02 = {Ok—nacen / (ONa—naten + Gk —nacen + 9ca—nacen) F( Vit — Vikz) (Equation 78)
Vi = 26.31In 15+5 (Equation 79)
[K*];
Vo = 26‘31n§ (Equation 80)
[K*);
Therefore,
155 .
Vi — Vko = 26.3 /nﬁ =26.3/In10 (Equation 81)
Therefore,
Ik -nacen = (01 — 02)(Ona—nacen + Gk —naLen + gca-nacen) /26.31n 10 (Equation 82)

Suppose that the reversal potential of NALCN channels is e mV when [Ca?*], = 100 mM.** Suppose that the reversal potential of
NALCN channels is e, mV when [Ca®*], = 10 mM.** Assuming that the reversal potential of Ca2* is V.1 when [Ca®*], = 100 mM and
the reversal potential of Ca%tis Va2 When [Ca2+]o =10 mM, based on the definition of reversal potential, the following equations hold:

€1 = (gca-natenVeat + 9k —naenVk + Gna—naenVna) / (Gna—nacen + Gk —naten + 9ca—naLen) (Equation 83)
€ = (9ca—narenVeaz + 9k —narenVk + Ona—naenViva) / (Gna—nacen + Gk —naLon + 9ca—NALCN) (Equation 84)
Therefore,
€ — € = {gca—naren / (Ona—naten + Gk —naten + 9ca—nacen) H(Vear — Veaz) (Equation 85)
Vear = 26.31In 100 (Equation 86)
jca],
10 )
Vear = 26.31In (Equation 87)
jca],
Therefore,
100 .
Viar — Vear = 26.3 /nw =26.3/In10 (Equation 88)
Therefore,
gea-naten = (€1 — €2)(Gna—nacen + Gk —naten + ca—nacen) /26.31n 10 (Equation 89)

Based on Equations 75, 82, and 89, the proportions of gna-naLcNs 9k-naLcNs @Nd Jca-naLcn are determined as follows:

ONa—NALCN © 9K —nNaLen : Gca—naten = (Y1 — ¥2) 1 (01 — 02) 1 (€1 — €2) (Equation 90)
vy = 10.89,v, = — 34.65,61 = 11.76,6, = — 20.79, ¢ = 16.00, ¢, = — 9.80%°
Therefore,
ONa—nNALCN © 9K —NALCN : Jca-naten = 45.54 1 32.55 : 25.80 (Equation 91)
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Therefore,

Ina-naen = 0.44g ena (Equation 92)
gk -nacen = 0.319g1Lena (Equation 93)
gca—naen = 0.25g ena (Equation 94)

The time course of the intracellular Na* concentration is also modeled as follows:
The formulas for the NAN model and the NAN model without a voltage-gated Ca®* channel are as follows:
d[Na*] [Na*]

i A(lunav + Ina—naren) — ~

(Equation 95)

The formulas for the NAN model and the NAN model with Na*/K* ATPase are follows:

d[Na* .
[dt ] = — ona Allunav + Ina—nacen — Blnak) (Equation 96)

The formula for the FNAN model is as follows:

d[Na* Na*
u = — ONa A(/Na + Inap + lunav + lNa—NALCN) - [ ]
dt TNa

(Equation 97)

The time course of the intracellular Ca®* concentration in the FNAN model was also modeled as follows:

2+ Caz*
dica™] — aca A(lca + lca—naten) — [ }

T oy (Equation 98)

The coefficient of Na*-entry («Na) is estimated under the assumption that the average volume of a single neuron is ~10 pL.** The
increase in intracellular Na* concentration caused by the Na* currents was determined as follows: 1-nA Na* current for 1 ms causes
1nA x 1 ms/~10pL =1 pC/~10 pL =~1.0/10 F mol/L = ~1.0 uM increase in the intracellular Na* concentration, where F = ~0.96 x
10° C/mol is the Faraday constant.

Integration is performed with the following initial values in each parameter search and bifurcation analysis: V = —45 mV, hyay =
0.045 (unitless), hynav = 0.045 (unitless), nk = 0.54 (unitless), [Na*] = 1 mM.

The coefficient of Na*-entry («Na) is estimated under the assumption that the average volume of a single neuron is ~10 pL.** The
increase in intracellular Na* concentration caused by Na* currents was determined as follows: 1 nA Na* current for 1 ms causes 1
nA x 1 ms/~10pL =1 pC/~10pL = ~1.0/10 F mol/L = ~1.0 uM increase in the intracellular Na* concentration, where F = ~0.96 x 10°
C/mol is the Faraday constant.

In order to investigate the possible contribution of dynamic change of reversal potential and intra/extracellular ion concentrations,
we re-formulated the model to calculate the reversal potential and consider all intracellular and extracellular ion concentration
changes. Upon re-formulating the model, intracellular and extracellular Na*, Ca2*, and K* concentrations are calculated. The coef-
ficient of K*-entry (oK) is estimated under the assumption that the average volume of a single neuron is ~10 pL.** The increase in
intracellular K* concentration caused by K* currents was determined as follows: 1 nA K* current for 1 ms causes 1 nA x 1 ms/
~10 pL = 1 pC/~10 pL = ~1.0/10 F mol/L = ~1.0 uM increase in the intracellular K* concentration, where F = ~0.96 x 10° C/mol
is the Faraday constant. The volume of extracellular space is assumed to be 0.5 times of the neuronal intracellular volume.*® There-
fore, the coefficient of Na*-exit («1Na), Ca®*-exit (1Ca), and K*-entry (21K) are twice the value of Na*-entry (aNa), Ca*-entry («Ca),
and K*-entry (aK), respectively.

The time course of intracellular and extracellular Na* concentration are modeled as follows:

Formulas for the NAN model are given by

d[Na*)in Na*)in .
% = — Opng A(IUNaV + lNa—NALCN) — u (Equatlon 99)
TNa
d[Na*]out 2[Na*]in .
% = CnNa A(IUNaV + INa—NALCN) + [ ] (EqUathn 100)
TNa
Formulas for the NAN model with Na*/K* ATPase are given by
d[Na*]in .
% = — Ona A(IUNaV + lNa—NALCN — SINaK) (EqUathn 101)
d[Na*]out .
% = — alna A(lunay + Ina—nacen — Blnak) (Equation 102)
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Formulas for the FNAN model are given by

d[Na‘lin Nalin [
[ dt] = — ana A(lna + Inep + lunav + INa—naLen) — [Na’] (Equation 103)
TNa
Na* 2[Na*i
% = — alna Allna + Inap + lunav + Ina-naLen) + [Ta Jin (Equation 104)
Na

The time course of intracellular and extracellular Ca®* concentration are modeled as follows:
Formulas for the NAN model are given by

2+1], 2+0ii
M = — Qca A(lCa\/ + /Ca—NALCN) - [Ca }In (Equation 105)
dt TCa
2+ 2 2+ii
d(Ca*Jout _ alca Allcay + loa—nacon) +M (Equation 106)
dt TCa
Formulas for the NAN model with Na*/K* ATPase are given by
2+7], 24+j
di[ca ]In = — Oca A(ICaV + lCa—NALCN) - [Ca }m (Equation 107)
dt TCa
2+ 2+1j
diCa™jout _ alca Allcav + lca—naLen) +72[Ca i (Equation 108)
dt TCa
Formulas for the FNAN model are given by
d Ca2+ in Caz* in ;
[dit] = — Oca A(/Cav + ICa—NALCN) - [ } (Equation 109)
TCa
o4 VESH
d[Cadt]OUt = alca Allcav + lca—naen) +72[Ca I (Equation 110)
TCa

The time course of intracellular and extracellular K* concentration are modeled as follows:
Formulas for the NAN model are given by

diK*lin [K*]out

= — ak Allk + lex + Ik —nacen + Tkna) — —— (Equation 111)
at TK
" +
KTOU e Al + ok + I nacon + ) + 210 (Equation 112)
at TK
Formulas for the NAN model with Na*/K* ATPase are given by
s
d[’;t}ln = — ak Al + ek + Ik _nacen + Ikna + 2Ina) (Equation 113)
d[K*]out
% = — alx Allk + liex + Ik —naten + Tkna — 2Inak) (Equation 114)
Formulas for the FNAN model are given by
+1, +
d[};t}m = — ax Al + liex + Ik —nacen + Ikna + 1a + Iks + lkca) — M (Equation 115)
K
" +
—d[KdloUt = — alg A(lk + lek + Ik —naton + Ikna + 1a + Iks + Ikca) +—2[KT]OUt (Equation 116)
K

Reversal potential of Na*, Ca*, and K* can be calculated as dynamic parameters where R = 8.314472J/(K-mol) is the Gas
constant, T = 310K is the temperature, and F = 96485.3399C/mol is the Faraday constant.
RT [Na*]out

Vna = 1000—1In

F 7[Na+}in (Equation 117)
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Ve = 100027 1n [Ca%] out

_ (Equation 118)
2F [Ca2+] in

[K*Jout
[K+]in

Vi = 1000¥In (Equation 119)

Parameter search

We searched for parameter sets with UDO. The parameter sets are randomly created in a parameter space defined as follows: the
conductances of intrinsic

(nonsynaptic) channels in the soma (9eak, INa» IkNas JUNavs Iks INaks Icar A, IKs, 9kcas Inars 9aR) @nd extrinsic (synaptic) channels in
the dendrite (9ampPa, InvDA, GaaBa) Were generated by selecting parameters from an exponential distribution bounded to the interval
0.001-10 mS/cm?; the time constant of Na* pumps/exchangers (rn.) Was generated by selecting a parameter from an exponential
distribution bounded to the interval 1,000-10,000 ms; the time constant of Ca?* pumps/exchangers (rc,) was generated by selecting
a parameter from an exponential distribution bounded to the interval 10-1,000 ms; and the shifts of the activation curve (x) and
inactivation curve (y) were generated by selecting parameters from a uniform distribution bounded to the interval —45-45 mV. The
intervals used in the parameter searches for the conductances of the intrinsic and extrinsic channels were set to be of the same range
after consideration of the area of a neuron, A = 0.02 mm? (i.e., 0.0002-2 ;1S/0.002 mm? = 0.001—10 mS/cm?). The procedure of the
parameter search was the same as that in the previous study,11 except for gunavs 9kna, Inaks Tnas X, @and y, which were newly intro-
duced in this study. Differential equations were solved to compute the membrane potential from 0 to 20 s, and odeint function in SciPy
was used. The simulated time course of the membrane potential from 10 to 20 s was specifically used to analyze the wave pattern of
the membrane potential. This interval was selected to exclude the influence of the initial conditions of the differential equations on the
observed wave pattern. The procedure of the wave-type classification was the same as that in the previous study.'' The major fre-
quency of the oscillatory behavior was then analyzed via fast Fourier transform (FFT) by using the periodogram function in the SciPy
library. Furthermore, the fine structure of the wave pattern was evaluated by counting the number of spikes per 1 s, and the number of
spikes was determined as half the number of times the membrane potential crossed —20 mV. Solutions, in which the membrane po-
tential exceeded this threshold at almost all time points (>95%), were eliminated at this point (labeled as “ELSE”). Based on these
characteristics, the solutions were classified into four categories: “RESTING” (spike numbers per second <2 or peak frequency =
0 Hz), “UDO” (0 Hz < peak frequency <10 Hz and spike number per second >5 x peak frequency), “AWAKE” (peak frequency
>10 Hz), and “UDO with few spikes” (0 Hz peak frequency <10 Hz and spike number per second <5 X peak frequency). “UDO
with few spikes” indicated that the solution exhibited a slow-wave activity, with fewer than five spikes during one bursting phase
of neural activity. All of the solutions classified as “UDO” were then manually checked to select the ones that exhibited oscillatory
membrane potential alternating between the bursting and silent phases.

Bifurcation analysis

To analyze the behavior of the system around the parameter set that induced UDO, we conducted bifurcation analyses. Each
conductance or the time constant was gradually changed from 0.01 to 100 times its original value; for x and y, the gradual changes
ranged from —45 to +45 of the original value. The solutions were then classified into four categories, namely, RESTING, UDO,
AWAKE, and ELSE, as aforementioned. In the bifurcation analysis, the “UDO” components included both “UDO” and “UDO with
few spikes.” Manual curation of the classification was not conducted for the result of the bifurcation analysis.

Plotting the normalized voltage (V) and [Na*]

To see the association between the V and [Na*] time courses, we plotted the time course for all parameter sets inducing UDO. For V,
the maximum voltage was expressed by 3 and the minimum by —3. For [Na*], the maximum concentration was expressed by 3 and
the minimum by —3. The period of each oscillation was standardized for all parameter sets and plotted.

Choosing the representative parameter set

PCA was conducted to the parameter with ~1,000 UDO. Subsequently, the probability density function was calculated for PC1
and PC2 based on the kernel density estimation using the PCA function in the scikit-learn library. 100 parameter sets were
selected according to the probability density (top 100), and the representative parameter set was chosen arbitrarily from these
parameter sets.

Plotting the intersection of nullplanes

The NAN model consisted of ODEs with four variables (V, nk, hunav, Na*). By fixing the value of the intracellular Na*, it can be con-
verted to ODEs with three variables (V, nk, hynav)- Using % described in 8 and d”g% described in 29, the intersection of the V, hynav
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null planes satisfies % =0and d”g% = 0 given by the foIIowingoqguations:

G 0 (Equation 120)
@é(lmk + Ik + lunav + lkna + lca) = 0 (Equation 121)
<lunay = — (leak + Ik + Ikna + Ica) (Equation 122)
@QUNavaNavshUNav(V — VNa) = — {gLeak(V — VLeak) + QK”K4(V — VK) + 9kNalMkNa (V - Vi) + gCamCaz(V — VCa)}

(Equation 123)

. gLeak(V - VLeak)+gKnK4(V - VK)+gKNamKNa (V - VK)+gCamCa2(V - VCa)
GunavMunav® (V' — Via)

<hunay = (Equation 124)

Mina = 1 / [1 + (Ke/[Na*])Kf] (Equation 125)
mea = 1/[1 +exp(— (V + 20)/9)] (Equation 126)
Munav = O [ (0m + Brm) (Equation 127)
am =01(V+33+x)/[1 —exp(— (V+33+x)/10] (Equation 128)
Bn = dexp(— (V +53.7 +x)/12) (Equation 129)
% =0 (Equation 130)
<4 (an (1 = hynav) = B hunav) = 0 (Equation 131)
< (an+Bp) hunav = an (Equation 132)
Ay = — (Equation 133)
(an+Bh)

ap = 0.07exp (— (V+50+y)/10) (Equation 134)
B, =1/[1+exp(— (V+20+y)/10)] (Equation 135)

Therefore, if the value of the membrane voltage (V) is determined, the values of ng and hynay are calculated as follows.
hunay = (tha%ﬁh) (Equation 136)

nk satisfies the following equation.
— 4y — _ 2y —

(a,ﬁﬁh) __ Greak(V — Viear)+gxhk (VgUNa“fg:I\icg/a(f‘nya ‘(/xa) Vi) +gcaMeca®(V — Vea) (Equation 137)

o m 3(V -V,
« SnIunay (Z:i/ﬁ () ) _ {Greak(V — Vieak) + gxnk*(V — Vi) + GrnaMiwa (V — Vi) + GeaMea®(V — Vea) }
h

(Equation 138)
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aVIMUNa 3 V -V, ja
<:>gKnK4(V - W) = - {athN Y (Z::ﬁ () a) + Greak(V — Vieak) + GrnaMina (V — Vi) + QCamCaz(V - VCa)}
h
(Equation 139)
monav>(V — V,
ont = — {athNav (Z:i/ﬁ () ha) + Greak(V — Vieak) + GrnaMuna (V — Vi) + QCamCaZ(V - VCa)} /QK(V - V)
h
(Equation 140)
Therefore,

a Munar®(V — V, 025
Nk = {* { nIunav (Z:i/ﬁ() Na)+QLeak(V — Vieak)+GknaMina (V — VK)+gCamCa2(V - VCa)}/gK(V - VK):|
h

(Equation 141)

Using d”é;% described in 29 and dstK described in 18, the intersection of nk, hynay NUll planes is the line that satisfies dstK = O0and

dhunay  _
o 0.

Ahonay =0 (Equation 142)
at
<=4 (an (1 — hunav) — Bn hunay) = 0 (Equation 143)
< (an+Bp) hunav = an (Equation 144)
<h - (Equation 145)
oy (on+6p)
an = 0.07exp (— (V+50+y)/10) (Equation 146)
B =1/1+exp(— (V+20+y)/10)] (Equation 147)
dnk _ .
ot - 0 (Equation 148)
<4(an(1 — k) — Bnk) = 0 (Equation 149)
one = (Equation 150)
o an+B, q
ap = 001(V+349/ 1 —exp(— (V +34)/10] (Equation 151)
B, = 0.125exp (— (V + 44)/25) (Equation 152)

Therefore, if the value of the membrane voltage (V) is determined, the values of nx and hynay are calculated as follows:

_ Qap .
hunay = —(ah+6h) (Equation 153)
ne = 1 (Equation 154)
K= an+ﬁn q

Measuring the up-state duration, down-state duration, Na* oscillation amplitude, and ISI

The duration of the up and down states is determined as follows (Figure S3A). In a two-dimensional plane where the x axis represents

time (t) and the y axis represents the membrane potential (V), V = f(t). The time course of the membrane potential is given by V = f{t).
First, through FFT analysis on the V = f(t) time series data, the frequency of UDO was determined as the frequency fq (Hz) with the

highest power (Figure S3A).
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Then, the number of intersection points between V = f(t) and V = k (k increased from —110 to 40 mV in increments of 0.1 mV) was
computed. If the value of k was small, the intersection points would lie in the down state (Figure S3B). By gradually increasing the
value of k, the intersection points shifted toward the up state, where the number of intersection points would be abruptly increased
(Figure S3C). Hence, by examining the association between the value of k and the number of intersection points, the membrane po-
tential, at which the transition between the up and down states occurs, can be estimated as the k value with an acute increase in the
intersection points. The detailed algorithm was implemented as follows.

We defined the threshold value of k = kynresh @s the up-state membrane voltage close to the boundary in the transition between the
up and down states. kinresn Was calculated as follows: as the value of k increased from —110 mV in increments of 0.1 mV, the number
of the intersection point gradually increased. Then, after the number of the intersection point exceeded 30 x 2 x fg + 100, the value of
k was determined as kinresn- This was because 30x2 xfqg matched the up-to-down-state transition timing during the simulated time of
30 s, and the addition of 100 ensured the marked increase in the intersection points within the up state.

Next, among all the intersection points between V = f(t) and V = kinresh, those accounting for the transition from the down to the up
state or from the up to the down state were selected. The t coordinate of intersection points was defined as t;,; (msec) and determined
as follows:

(=30 <j< — 1:fromthe down state to the up state)

< kthresh
(1 <j < 30: from the up state to the down state)

(j = 0 : from the down state to the up state)
f(tint + J) = < Kinresh (Equation 155)
(j = 0 : from the up state to the down state)

(1 <£j<£2:fromthe down state to the up state)

> kthresh
(= 2<j< — 1:fromthe up state to the down state)

The transition points between the up and down states were determined as above because at the transition point from the down to
the up state, f(t) was constantly below kinesn When i < t and only after t exceeds tiy, f(t) is larger than kynresnh because during the down
state membrane potential is hyperpolarized and only when it is in the up-state period membrane potential surpasses the threshold
voltage (Figure S3D). The same logic was applied when determining the transition point from the up to the down state (Figure S3E).

Using the transition time between the up and the down states, the up- and down-state period was calculated. The periods were
calculated for many cycles of oscillation; thus, the average period of the up and down states was calculated.

The Na* oscillation amplitude was calculated for many cycles of oscillation; thus, the average value was calculated.

To calculate the IS, all local maximum points were first extracted from the time-series data of V = f(t) using the argrelmax function in
the SciPy library. I1SI is defined as the interval between adjacent local maximum points. However, an ISI exceeding 60 msec is
excluded because an IS that is too long can be confused with the short down state. ISI accounting for all adjacent spikes are calcu-
lated individually, and the average value is obtained.

Construction of the network model
A network model consisting of 84 neurons was constructed. The parameters (i.e., conductance of ion channels and synaptic recep-
tors) were homogeneous throughout all the neurons in one network model. Each neuron was randomly connected to the other neu-
rons with a probability of 20% by AMPA- and NMDA-mediated synapses. Of all the 2,137 parameter sets with UDO in the FNAN
model, 1703 exhibited UDO in the FNAN model where ggaga = 0. Among them, we chose 1,057 parameter sets with UDO in the
FNAN model, which were confirmed by calculation using a fourth-order Runge-Kutta method with a time step of 0.1 msec. Finally,
100 of the 1,057 parameter sets were chosen as representative sets. The selection method for the representative parameter sets was
the same as that in the analysis using an AN model with a mean-field approximation.

Simulations were performed using GPU (NVIDIA GeForce RTX 3090), and numerical calculations were conducted using the fourth-
order Runge-Kutta method with a time step of 0.01 msec. Codes are written using CUDA.

QUANTIFICATION AND STATISTICAL ANALYSIS

Figures represent averaged or representative results of multiple independent simulations. The figure legends provide details con-
cerning the simulations.

el1 iScience 28, 111904, February 21, 2025



iScience, Volume 28

Supplemental information

A design principle for neuronal firing
with up-down oscillation

through Na* dynamics

Tomohide R. Sato, Koji L. Ode, Fukuaki L. Kinoshita, and Hiroki R. Ueda



w

Numbers Numbers

Numbers

Numbers

(@)

Membrane potential (mV)

Intracellullar Na* (mM)

gLeNa gLeK
1.0 1.0
iel
0.5 805
0.0 0.0
-2 -1 0 1 2 -2 -1 1 2
Log,(fold change of original value) Log,,(fold change of original value)
ubo AWAKE RESTING ELSE
1 OC gUNaV
100
50 50 ‘ ‘
o3 0 2
Log,,(mS/cm?)
100 100 =
50 50 | “‘ I
0 0 2
Log,,(mS/cm?)
TNa
100 100
50 i 50
5 0 35 40
Log,,(mS/cm?) Log,,(ms)
100 Jes 100 %
50 ' ‘ 50 ‘ ‘ ‘
0 -2 0 2 G—2 0 2
Log,,(mS/cm?) Log,(mS/cm?)
20
-5
-30 4
55
-80
0 1 2 3 4 5
Time (sec)
7.0
6.5
6.0 T T T T T T
0 1 2 3 4 5

Time (sec)



Figure S1. Analysis to investigate the contribution of each
molecular component in NAN model, related to Figure 1
and Table S1

(A) The results of the bifurcation analysis with gLek, gLena in the NAN model.

(B) The distribution of parameters with UDO.

(C) A example case of AWAKE firing patterns was generated by upregulating gk in
Figure 1E. To effectively induce the AWAKE firing pattern, the amount of perturbation

was chosen based on the bifurcation analysis in Figure 1F (gk; x10:52).
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Figure S2. Construction of the NAN model without voltage-

gated Ca?* channels, related to Figure 1
(A) Schematic diagram of the NAN model and the NAN model without voltage-gated
Ca?* channels (labeled as the NAN model with gca = 0).
(B) The distribution of parameters with UDO in the NAN model without voltage-gated

Ca?* channels.
(C) The results of the bifurcation analysis in the NAN model without voltage-gated

Ca?* channels.
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Figure S3. The algorithm to calculate the duration of the up
and down states, related to Figure 3 and METHOD DETAILS

(A) Power spectrum diagram. The frequency with the highest power is selected.

(B) The relation between V = k (green) and V = f(t) (blue). The intersection points
encircled by the purple circles are in the down state.

(C) The relation between V = kinresh (green) and V = (t) (blue). The intersection points
encircled by the purple circles are in the up state. V = Kinresh is at the bottom of the
up state; thus, the intersection points include the transition points between the up
and the down states.

(D) Among the purple points in (C), those that denote the up-to-down-state transition
are selected. The purple point is among the points in (C) and is just below the line V
= kinresh. The blue points have to be above the line V = kiresh and the red points below
the line if the purple point is indeed the transition point from the down to the up state.
(E) Among all the purple points in (C), those that denote the up-to-down-state
transition are selected. The purple point is among all the points in (C) and is just
above the line V = kiresh. The blue points have to be above the line V = kinresh and
the red points below the line if the purple point is indeed the transition point from the

up to the down state.
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Figure S4. Analysis to investigate the contribution of each
molecular component in NAN model with Na*/K* ATPase,

related to Figure 4

(A) The results of the bifurcation analysis in the revised model with Na*/K* ATPases.
(B) The distribution of parameters with UDO in the NAN model with Na*/K* ATPases.
(C) The effect of the slight upregulation of the value of each parameter alters the

UDO characteristics (up-state + down-state period, Na* oscillation amplitude).
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Figure S5. Comparison between Na*-dependent
hyperpolarization pathway and Ca?*-dependent

hyperpolarization pathway, related to Figure 5

(A) The result of the knockout analysis with all the parameter sets showing UDO.
When the contribution of a particular element is set to zero, the amount of the
parameter sets showing the AWAKE firing pattern is indicated by orange, the amount
of parameter sets showing the RESTING firing pattern by green, the amount of
parameter sets excluded from the analysis (ELSE) owing to their aberrant firing
pattern by red, and the amount of parameter sets showing UDO by blue. The
classification criteria of UDO, AWAKE, RESTING, and ELSE follow those of Tatsuki
et al., 2016"". See also Figure S6A.

(B) A Benn diagram showing how many parameters show the AWAKE firing pattern
when the KNa or KCa channels’ current are downregulated.

(C) Representative UDO, intracellular Ca?* concentration, and intracellular Na*
concentration of the FNAN model. The yellow areas denote the down state, whereas
the white areas denote the up state.

(D) The effect of the slight upregulation of the value of each parameter alters the
UDO characteristics. All the parameter sets inducing UDO are used in the analysis.
For parameters x and y, the UDO characteristics are calculated when the value of x,
yis (i) 0.5 lower and (ii) 0.5 higher than the original value. For the other parameters,
the UDO characteristics are calculated when the value is (i) 0.975 times and (ii) 1.025
times of the original value. The value calculated in (ii) is divided by the value
calculated in (i). The blue dotted line shows Logio of fold change = 0 (i.e.,

perturbation does not alter each UDO characteristic).
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Figure S6. The network FNAN model shows the importance
of the Na*-dependent hyperpolarization pathway, related to

Figure 5

(A) Changes in the firing pattern of each cell when the value of one parameter
indicated above the figure is altered. Perturbation is given to each parameter set,
and the firing patterns of each neuron in the network are visualized. The exact
amount of perturbation given to each parameter is determined by the results of the
bifurcation analysis in Figure S5A (x down; -12.6, x up; +12.6, y; +14.4, guNav;
x1070-72) gkna; x10729),

(B) The results of the bifurcation analysis in the FNAN model.
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Figure S7. Models incorporating detailed ion dynamics,
related to Figure 1, Figure 4, Figure 5, Table S6, Table S7,
and Table S8

(A) Representative UDO and intracellular Na* concentration of the revised NAN
model.

(B) Representative UDO and intracellular Na* concentration of the revised NAN
model with Na*/K* ATPase.

(C) Representative UDO and intracellular Na+ concentration of the revised FNAN

model.



Appendix

Formulations for all mathematical models used in this study are summarized

as follows.

Formulation for NAN model:
dv
CAE = —A(lear + Ix + lIynav + Ikna T Ica)

Ieak = GreakV — Vieak) = Irena + ek

_ Vieak-VieNa
9rena = Yreak ~, _,
K LeNa

_ Vieak -VK
rexk = YLeak 3, v
LeNa K

Iena = Grena(V = Viena)
Iex = Grex (V — Vi)
Iy = ggng*(V = Vk)
LE = 4o, (1 — 1) — By1)
a, = 0.01(V +34)/[1—exp(—(V + 34)/10)]
B, = 0.125exp (—(V + 44)/25)
Ixna = ggnaMina (V= Vi)
Myna = 1/[1 + (Ke/[Na*])*/]
Ica = gcamca®V = Vea)
Meq = 1/[1 + exp(—(V + 20)/9)]
Iynav = JunavMunav’hunar (V = Vo)

Mynay = Am/(Am + Bm)

ap =01V +33+x)/[1—exp(—(V + 33 +x)/10]

B, = 4exp(—(V +53.7 + x)/12)

dhl;% =4 (ap (1 — hynav) — By, hunav)
ap = 0.07exp (— (V+ 50 +y)/10)
B, =1/[1+exp(—(V+20+y)/10)]

Irena = Ina-Naren + Ixk—naren + Ica-naLen

(1)
(2)
®3)

(4)

(5)
(6)
(7)
(8)
9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)
(18)

(19)

(20)
(21)
(22)



Iva-naren = Ina-naren(V — Via)
Ix-naren = Gx-naren(V — Vi)
Ica-naren = 9ca-naren(V — Via)
Ina-naLen = 0.44gpena
9k-naven = 0.3191ena

9ca-naren = 0.25g1ena

diNa*] _

[Na*]
% = %Na A(lynav t Ina—NaLen) —

TNa

Formulation for NAN model without voltage-gated Ca?* channels:

av
CAE = —A(leax + Ix + lynav + Ikna)

Ieak = GreakV — Vieak) = Irena + ek

_ Vieak-VieNa
JLeNa YIlLeak Vi -VieNa

_ Vieak -Vk
Jrek Ireak Viena - VK

Iena = Jrena(V — Viena)
Iek = Grex (V — Vi)
Iy = ggng*(V = Vi)
LE = 40, (1 — i) — By1)
a, =0.01(V+34)/[1—exp(—(V + 34)/10)]
B, = 0.125exp (—(V + 44)/25)
Ixna = GxnaMina (V — Vi)
Mg = 1/[1+ (Ke/[Na*])¥]
Iynav = GunavMunav>hunar (V = Viva)
Mynay = Am/(Am + Bm)
an =0.1(V+33+x)/[1—exp(—(V+33+x)/10]
B,, = 4exp(—(V +53.7 + x)/12)

dhuNa
% =4 (ap (1 — hynav) — By, hunav)

(23)
(24)
(25)
(26)
(27)
(28)

(29)

(30)
(31)
(32)

(33)

(34)
(35)
(36)
(37)
(38)
(39)
(40)
(41)
(42)
(43)
(44)
(45)

(46)



a, = 0.07exp (— (V + 50 + y)/10)
,Bh =1/[1+exp(—(V+20+y)/10)]

Iena = Ina-naLen + Ik-naven + Ica-naven
Iva-naren = 9na-naren(V — Via)
Ix-naren = 9x-naven(V — Vi)

Ica-naren = 9ca-naren(V —Via)
Ina-naLen = 0.44gpeng

9k-naven = 0.3191ena

9ca-naren = 0.25g1ena

d[Na*]

[Na*]
o = na A(lynav + Ina—naLen) —

TNa

Formulation for NAN model with Na*/K* ATPase:

dv
CAE = _A(ILeak + IK + IUNaV + INaK + ICa)

Ieak = GreakV — Vieak) = Irena + ek

_ Vieak-VieNa
JreNa = YLeak Vi -V
K LeNa

_ Vieak -Vk
Irek = YLeak v Y
LeNa K

Iena = Grena(V = Viena)
Iex = Grex (V — Vi)
Iy = ggng*(V = Vk)
EE = 4o, (1 — 1) — Byn)
a, = 0.01(V +34)/[1—exp(—(V + 34)/10)]
B, = 0.125exp (—(V + 44)/25)

35, _ 100 «_
Inak = nax[(1 + R) [+ [Na+]) %]

leq = gCamCaz(V —Vea)
meqa = 1/[1 + exp(—(V + 20)/9)]

lynay = gUNanUNaV3hUNaV(V = Vna)

(47)
(48)
(49)
(50)
(51)
(52)
(53)
(54)
(55)

(56)

(57)
(58)
(59)
(60)
(61)
(62)
(63)
(64)
(65)
(66)
(67)
(68)
(69)
(70)



Mynay = A/ (@m + Bm)
ay =01V +33+x)/[1—exp(—(V+33+x)/10]
B,, = 4exp(—(V + 53.7 + x)/12)

dhl;% =4 (an (1 — hynav) — By, hunav)
ap = 0.07exp (— (V+ 50+ y)/10)
B, =1/[1+exp(—(V+20+y)/10)]

Iena = Ina-naLen + Ik-naven + Ica-naLen
Iva-naren = 9na-naren(V — Via)
Ix-naren = Gx-naven(V — Vi)

Ica-naren = 9ca-naren(V —Via)
Ina-naLen = 0.44gpena

9gx-naren = 0.3191enq

9ca-naren = 0.25g1ena

d[Na*]
T‘; = —anqg Allynay + Ina-Naren — 3Inak)

Formulation for Full-NAN model:

(71)
(72)
(73)
(74)
(75)
(76)
(77)
(78)
(79)
(80)
(81)
(82)
(83)

(84)

av
CAE = —A(leax + Ix + lynav + Ikna + Ica + Ina + 14 + Ixs + Ixca + Inap + 1ar) —

INMDA - IAMPA - IGABA
Inena = JrenaV — Viena)
Iek = GrexV — Vk)

Ieak = GreakV — Vieak) = Irena + ek

— Vieak-VieNa
IreNa = YLeak Ve -V
K LeNa

— Vieak -Vk
Irek = YLeak v Y
LeNa K

Iy = gKnK4(V —Vk)
d
—£ = 4(an(1 —ng) = Bng)

a, = 0.01(V + 34)/ [1 — exp(—(V + 34)/10)]

(85)
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(87)
(88)
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(93)



B,, = 0.125exp (—(V + 44)/25)
Ixna = Gxna™Mina (V — Vi)
Myna = 1/[1 + (Ke/[Na*])*/]
Ica = gcamca®(V — Vea)
meq = 1/[1 + exp(—=(V + 20)/9)]
Iynav = JunavMunav>hunar (V = Vo)
Mynav = U/ (@m + Bm)
ay =01V +33+x)/[1—exp(—(V+33+x)/10]
B,, = 4exp(—(V +53.7 + x)/12)

dhl;,# =4 (o (1 — hynav) — By, hunav)
ap = 0.07exp (— (V+ 50 +y)/10)
B, =1/[1+exp(—(V+20+y)/10)]
Ina = gna Mna*hna(V = Vivg)
Mya = A/ (Am + Bin)
a, =01V +33)/[1—exp (—(V +33)/10]
B,, = 4exp (—(V + 53.7)/12)

204 = 4 (an(1 = hya) — By hva)
ap = 0.07exp (—(V + 50)/10)
B, =1/[1+exp (—(V+20)/10)]
Iy = gamy® hy (V= V)
my =1/[1+ exp(—(V +44)/50)]

dhy _ (haw—ha)

dt Thy
hs=1/[1+exp(-(V+80)/6)]
Ixs = gks mgs (V — Vi)
d";(s = (Mgso — Mgs)/ Tmgs
Mygseo = 1/[1 + exp(—(V + 34)/6.5)]
Tmys = 8/[exp(—(V +55)/30) + exp((V + 55)/30)]
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Ixca™ GxcaMica (V — Vi)

Myca = 1/[1 + (Kd/[Ca**])*°]
Inap = gnap Myapo” (V = Viva)

Myapo = 1/[1 + exp(—(V + 55.7)/7.7)]
Ing = 9ar hareo(V — Vi)

hareo = 1/[1 + exp(—(V + 75)/4)]

Lampa = Gampa Sampa (V — Vampa)

dsampa _ 3.48f (V) — SAMPA

dt TAMPA
fV)=1/[1 + exp(=(V — 20)/2)]

Inmpa = 9nvmpa Snmpa V' — Vmpa)

SNMDA
XNMDA

dSymMpA __
—at 0.5xympa (1 — Sympa) —

dxnmpa _ 3.48 f(V) — XNMDA

dt TXNMDA
fWV)=1/[1 + exp(—(V — 20)/2)]
lgapa = 9capa Scapa V — Vgapa)

dsgaBa _ __ SGABA
dt fv) TGABA

fV)=1/[1 + exp(=(V — 20)/2)]
Iena = Ina-naren + Ik-naven + Ica-naLen
Iva-naren = Ina-naren(V — Via)
Ix-naren = Gx-naren(V — Vi)

Ica-naren = 9ca-naren(V — Vea)
Ina-naLen = 0.44G1ena
9gx-NaLen = 0.3191enq

9ca-naren = 0.2591ena

d[Na*]
o = —aAlna + Ivap + Iynav + Ina-naLen) —
dca+] [Ca®*]
= ~%ca Alca *+ Ica-naren) — =
Ca

[Na*]

TNa
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Formulation for revised NAN model:
av
CAE = _A(ILeak + Ix + Iynay + Igna + ICa)

I eak = .gLeak(V - VLeak) = lieng T+ ILek

— Vieak-VieNa
9reNa = YLeak Vi -V
K LeNa

— Vieak -Vk
Irek = YLeak v Y
LeNa K

Iena = Grena(V = Viena)
Iex = Grex (V — Vi)
Iy = ggng*(V = V)
= 41 =) = Bmo)
a, = 0.01(V +34)/[1 —exp(—(V + 34)/10)]
B, = 0.125exp (—(V + 44)/25)
Ixna = gxnaMgna (V — Vi)
Myng = 1/[1 + (Ke/[Na*]in)*/]
Ica = gcamea® (V = Vea)
Mmeq = 1/[1 + exp(—(V + 20)/9)]
Iynav = JunavMunav>hunavr (V = Vo)
Mynav = U/ (@Am + Bm)
A =01V +33+x)/[1—exp(—(V +33+x)/10]
B,, = 4exp(—(V +53.7 + x)/12)

dhl;# =4 (an, (1 — hynav) — By, hunav)
ap = 0.07exp (— (V+ 50 +y)/10)
B,=1/[1+exp(—(V+20+y)/10)]
Iena = Ina-naLen + Ik-naren + Ica-naven
Iva-naren = Ina-naren(V — Via)
Ix-naren = Gx-naren(V — Vi)
Ica-naren = 9ca-naren(V — Vea)

Ina-naLen = 0.44Grena
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Ix-naLcn = 0.319g1ena

Ica-naren = 0.25g1ena

d[Nat]in [Na*]in
— = ~Qa A(lynav + Ina—naLen) — z -
Na
d[Na*]out 2[Na?)i
[ad# = alyg Allynay + Iva-NaLew) + [Ta I
Na
d[ca?*]i Ca®]i
L adt In _ —acq Alcay + Ica-NaLen) — [ aT =
Ca
d[Ca2+]out Z[Ca2+] in
— = @lca Alcav + lca-naren) + o l
d[K*]in [K*]out
— = = —ay Ay + ek + Ix—naen + Tkna) — -
d[K*]out ZIK7 Jout
[ d]tou = alg A(lg + Iex + Ixk-naren + lkna) + [ iou
Vva = 10007 In [’[‘I’V“ -
Voo = 1000 3 InfEEloe
_ RT [Kt]out
Vi = 1000 5 In ke

Formulation for revised NAN model with Na*/K* ATPase:

dv
CA— = _A(ILeak + IK + IUNaV + INaK + ICa)

ILeak YLeak (V VLeak) - ILeNa + ILeK

Vieak-VLeNa
IreNa = YLeak Ve -V
K ~VLeNa

Vieak -Vk
Irek = YLeak v Y
LeNa ~VK

Iena = Grena(V = Viena)

Iex = Grex (V — Vi)

Iy = ggng*(V = Vk)
T = 40 (1 - 1) — B
a, = 0.01(V +34)/[1—exp(—(V + 34)/10)]
B, = 0.125exp (—(V + 44)/25)
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10.0

Ivax = gnak[(1+ 3D + ™)
Ica = gcamca®V = Vea)
Mmeq = 1/[1 + exp(—(V + 20)/9)]
Iynav = GunarMunar>hunar (V = Viva)
Mynay = Am/(@Am + Bm)
an =01V +33+x)/[1—exp(—(V+33+x)/10]
B,, = 4exp(—(V +53.7 + x)/12)

dhl;,# =4 (an (1 — hynav) — By, hunav)
ap = 0.07exp (— (V+ 50 +y)/10)
B, =1/[1+exp(—(V+20+y)/10)]

Iena = Ina-naLen + Ik-naven + Ica-naLen
Iva-naren = 9na-naren(V — Via)
Ix-naren = Gx-naren(V — Vi)

Ica-naren = 9ca-naren(V — Via)
9Ina-naLen = 0.44gpeng

9k-naven = 0.3191ena

9ca-naren = 0.25g1ena

d[Natlin _

= ~a Alynav + Ina-naren = 3Inak)
d[Na*]out
— = —alyg Allynay + Ina—naren — 3Inak)
d[Ca2+]in [Ca2+]in

= = ~%ca Alcav + Ica-naren) ——

Ca

d[ca?*]out 2[Ca®]in

—— = alcg Alcqy + Ica—naren) + T

Ca
d[K*i
[Kdt]m = —ag A(Ix + ek + Ix—nareny t Ikna + 2Inak)

dK*]out _

~— = —0lg Alg + Iiex + Ix—naren + Ikna = 2Inax)

_ RT | [Na*]out
Vye = 1000 P In _[Na+]in

(193)
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[Ca?t]out
[Ca?t]in

RT
Vea = 1000In

[K*]out
[K*]in

Ve = 1000’;—Tln

Formulation for revised Full-NAN model:

(217)

(218)

av
CAE = —A(leax + Ix + Iynav + Ixkna + Ica + Ina + 14 + Ixs + Ixca + Inap + 1ar) —

INMDA - IAMPA - IGABA
Inena = JrenaV — Viena)
Iek = Grexk (V — Vk)

Ieak = GreakV — Vieak) = Irena + ek

— Vieak-VieNa
JreNa = YLeak Vi -V
K LeNa

_ Vieak -Vk
Irek = YLeak v Y
LeNa K

Iy = gKnK4(V - Vk)
d
—£ = 4(an(1 —ng) — B,ng)
a, =0.01(V+34)/[1—exp(—(V + 34)/10)]
B, = 0.125exp (—(V + 44)/25)
Ixna = GknaMina (V — Vi)
Mmgna = 1/[1 + (Ke/[Na*]in)*/]
Ieq = gCamCaz(V - VCa)
Mmeq = 1/[1 + exp(—=(V + 20)/9)]
lynay = gUNanUNaVShUNaV(V = Vna)

Mynay = A/ (Am + Bm)

an =01V +33+x)/[1—exp(—(V +33+x)/10]

B,, = 4exp(—(V +53.7 + x)/12)

dh[;# =4 (ap (1 — hynav) — By, hunav)
ap = 0.07exp (— (V+ 50+ y)/10)
B,=1/[1+exp(—(V+20+y)/10)]

(219)
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Ina = gna My’ hna(V = Vya)
Myq = Um/(Am + Bm)
an =01 +33)/[1—exp (—(V+33)/10]
B, = 4exp (—(V +53.7)/12)

dhng
Zha = 4 (@ (1 hya) = By, hna)

ap = 0.07exp (—(V + 50)/10)

B, =1/[1+exp (— (V+20)/10)]
Iy = gamy® hy (V= Vg)

my = 1/[1 + exp(—(V + 44)/50)]

dha _ (hao—ha)
dt Thy

he=1/[1+exp(-(V+80)/6)]
Ixs = ggs mgs (V — Vi)

am
dl{(S = (mKSOO - mKS)/Tng

Myso = 1/[1 + exp(—(V + 34)/6.5)]
Tmys = 8/[exp(—(V + 55)/30) + exp((V + 55)/30)]

Ixca= 9xcaMica (V — Vi)

Myeq = 1/[1 + (Kd/[Ca®*]in)*?]
Inap = INapP mNaPoog(V = Vna)

Mpyapoo = 1/[1 + exp(—(V + 55.7)/7.7)]
Iug = gar hareo(V — V)

hareo = 1/[1 + exp(—(V + 75)/4)]

Lampa = Gampa Sampa (V. — Vampa)

dsampa _ 3.48f (V) — SAMPA

at TAMPA
fV)=1/[1 + exp(=(V — 20)/2)]

Inmpa = 9nvmpa Snmpa V' — Vmpa)

dsNMmDA

_ SNMDA
a 0.5xympa (1 — Sympa) ————

XNMDA
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dxnmpa _ 3.48 f(V) — XNMDA

at TxXNMDA
fV)=1/[1 + exp(—(V — 20)/2)]
Igapa = 9capa Scapa (V — Vgapa)

dsGaBa _ _ SGABA
dt fv) TGABA

fV)=1/[1 + exp(=(V — 20)/2)]
Iena = Ina-naLen + Ik-naven + Ica-naLen
Iva-naren = 9na-naren(V — Via)
Ix-naren = Gx-naven(V — Vi)

Ica-naren = 9ca-naren(V —Via)
Ina-naLen = 0.44gpeng
9k-naven = 0.3191ena

9ca-naren = 0.25g1ena

W = —ana A(Ina + Inap + lunav + INa-NaLen) — [N:;jin

d[NaT:]Wt = —alyg A(Ina + Inap + Iynav + INa-NaLew) + Z[Iii:]in

d[ca;:]in = —cq Alcav + Ica-naLen) — [Ci:l]m

W = aleq Allcay + Ica-naren) + 2[0262:]1'11

d[KJt]in = —ag A(lx + Iex + Ix-naren + Ikna + 1o + Ixs + Ixca) — [KJ;]:ut
A = — g Al + Lok + lnascn + Tkwa + L + Is + Ica) + 222
Vya = 10002 In [gvaa?]";‘f

Vea = 10002 1n [[C;:; o

Vi = 1000 57 In I
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Supplemental tables

Table S1-S8 show parameter values of representative parameter sets in the models

used this study.



Table S1. Parameters used in Representative parameter sets in the NAN

model, related to Figure 1 and Figure S1

Parameter Description Value

C Membrane Capacitance 1 yF/cm?

A Area of Neuron 0.02 mm?

VNa Sodium reversal potential 55 mV

Vk Potassium reverse potential -100 mV

Vca Calcium reversal potential +120mV

Ke Dissociation constant of KNa | 32 uM
channels

Kf Parameter in KNa channels 3

VieNa Leak Na* reversal potential 0 mVv

ONa Coefficient of Na* entry 1.0 yM/(nA ms)

oK The conductance of the voltage- | 48.19198701 mS/cm?
gated K* channels

guNav The conductance of the UNaV | 6.104226316 mS/cm?
channels

OKNa The conductance of KNa channels | 9.657438734 mS/cm?

JLeak The conductance of the leak | 0.062345227 mS/cm?
channels

gca The conductance of the voltage- | 0.391216425 mS/cm?
gated Ca?* channels

TNa The time constant of Na* efflux 6638.79306935 ms

X Shift of the activation curve 28.21858435 mV

y Shift of the inactivation curve -7.96971366 mV




Table S2. Parameters used in Representative parameter sets in the NAN

model with Na*/K* ATPase, related to Figure 4

Parameter Description Value

C Membrane Capacitance 1 yF/cm?

A Area of Neuron 0.02 mm?

VNa Sodium reversal potential 55 mV

Vk Potassium reverse potential -100 mV

Vca Calcium reversal potential +120 mV

Ke Dissociation constant of KNa | 32 uM
channels

Kf Parameter in KNa channels 3

VieNa Leak Na* reversal potential 0 mVv

ONa Coefficient of Na* entry 1.0 yM/(nA ms)

oK The conductance of the voltage- | 90.22913406 mS/cm?
gated K* channels

guNav The conductance of the UNaV | 18.22838513 mS/cm?
channels

ONak The conductance of Na*/K* ATPase | 98.68629964 mS/cm?

JLeak The conductance of the leak | 0.074996331 mS/cm?
channels

Jca The conductance of the voltage- | 0.039755106 mS/cm?
gated Ca?* channels

X Shift of the activation curve 29.9540276 mV

y Shift of the inactivation curve 15.91732198 mV




Table S3. Parameters used in Representative parameter sets in the FNAN

model, related to Figure S5

Parameter Description Value

C Membrane Capacitance 1 yF/cm?

A Area of Neuron 0.02 mm?

VNa Sodium reversal potential +55 mV

Vk Potassium reverse potential -100 mV

ThA Time-constant of ha 15 ms

Vca Calcium reversal potential +120 mV

Kd Dissociation constant of KCa | 30 uM
channels

Ke Dissociation constant of KNa | 32 uM
channels

Kf Parameter in KNa channels 3

VAmPA AMPAR reversal potential 0 mVv

VNMDA NMDAR reversal potential 0 mVv

VGaBa GABAAR reversal potential -70 mV

VieNa Leak Na* reversal potential 0 mVv

Oca Coefficient of Ca?* entry 0.5 uM/(nA ms)

ONa Coefficient of Na* entry 1.0 yM/(nA ms)

Ok The conductance of the voltage- | 72.12222201 mS/cm?
gated K* channels

guNav The conductance of the UNaV | 0.304654151 mS/cm?
channels

OKNa The conductance KNa channels 10.06806462 mS/cm?

OLeak The conductance of the leak | 0.040563611 mS/cm?
channels




gca The conductance of the voltage- | 0.294154229 mS/cm?
gated Ca?* channels

X Shift of the activation curve 18.4297867 mV

y Shift of the inactivation curve 34.85857952 mV

ONa The conductance of the voltage- | 1.422098676 mS/cm?
gated Na* channels

gA The conductance of the fast A-type | 0.01332761 mS/cm?
K* channels

gKs The conductance of the slowly | 0.239625682 mS/cm?
inactivating K* channels

gKca The conductance of the Ca?*-|0.205446971 mS/cm?
dependent K* channels

ONaP The conductance of the persistent | 3.071575267 mS/cm?
Na* channels

JAR The conductance of the inwardly | 0.020469817 mS/cm?
rectifying K* channels

JAMPA The conductance of the AMPA | 0.023553782 uS
receptors

ONMDA The conductance of the NMDA | 0.04138171 pS
receptors

JGABA The conductance of the GABAa | 0.0 uS
receptors

Tca The time constant of Ca?* efflux 70.63624625 ms

TNa

The time constant of Na* efflux

3352.688071 ms




Table S4. Parameters used in Representative parameter sets in the Network
FNAN model (UDO), related to Figure 5D

Parameter Description Value

C Membrane Capacitance 1 yF/cm?

A Area of Neuron 0.02 mm?

VNa Sodium reversal potential +55 mV

Vk Potassium reverse potential -100 mV

ThA Time-constant of ha 15 ms

Vca Calcium reversla potential +120 mV

Kd Dissociation constant of KCa | 30 uM
channels

Ke Dissociation constant of KNa | 32 uM
channels

Kf Parameter in KNa channels 3

VAmPA AMPAR reversal potential 0 mVv

VNMDA NMDAR reversal potential 0 mVv

VGaBa GABAAR reversal potential -70mV

VieNa Leak Na* reversal potential 0 mVv

Oca Coefficient of Ca?* entry 0.5 uM/(nA ms)

ONa Coefficient of Na* entry 1.0 yM/(nA ms)

oK The conductance of the voltage- | 36.05529836 mS/cm?
gated K* channels

guNav The conductance of the UNaV | 6.5465182 mS/cm?
channels

OKNa The conductance KNa channels 6.841528212 mS/cm?

OLeak The conductance of the leak | 0.015971334 mS/cm?
channels




gca The conductance of the voltage- | 0.066595773 mS/cm?
gated Ca?* channels

X Shift of the activation curve 33.33945676 mV

y Shift of the inactivation curve 12.8051663 mV

ONa The conductance of the voltage- | 19.33477692 mS/cm?
gated Na* channels

gA The conductance of the fast A-type | 0.02762257 mS/cm?
K* channels

gKs The conductance of the slowly | 0.089453858 mS/cm?
inactivating K* channels

gKca The conductance of the Ca?*-|3.056566755 mS/cm?
dependent K* channels

ONaP The conductance of the persistent | 1.07002588 mS/cm?
Na* channels

JAR The conductance of the inwardly | 0.029441142 mS/cm?
rectifying K* channels

JAMPA The conductance of the AMPA | 0.045167775 uS
receptors

ONMDA The conductance of the NMDA | 0.010225012 uS

receptors

Tca

The time constant of Ca?* efflux

87.03628253 ms

TNa

The time constant of Na* efflux

1058.482063 ms




Table S5. Parameters used in Representative parameter sets in the Network
FNAN model (AWAKE), related to Figure 5D

Parameter Description Value

C Membrane Capacitance 1 yF/cm?

A Area of Neuron 0.02 mm?

VNa Sodium reversal potential +55 mV

Vk Potassium reverse potential -100 mVv

ThA Time-constant of ha 15 ms

Vca Calcium reversal potential +120 mV

Kd Dissociation constant of KCa | 30 uM
channels

Ke Dissociation constant of KNa | 32 yM
channels

Kf Parameter in KNa channels 3

VAmPA AMPAR reversal potential 0 mv

VNMDA NMDAR reversal potential 0 mv

VGaBa GABA=R reversal potential -70 mV

VieNa Leak Na* reversal potential 0 mv

Oca Coefficient of Ca?* entry 0.5 uM/(nA ms)

ONa Coefficient of Na* entry 1.0 yM/(nA ms)

oK The conductance of the voltage- | 36.05529836 mS/cm?
gated K* channels

guNav The conductance of the UNaV | 6.5465182 mS/cm?
channels

OKNa The conductance KNa channels 0.06841528212 mS/cm?

OLeak The conductance of the leak |0.015971334 mS/cm?
channels




receptors

gca The conductance of the voltage- | 0.066595773 mS/cm?
gated Ca?* channels

X Shift of the activation curve 33.33945676 mV

y Shift of the inactivation curve 12.8051663 mV

ONa The conductance of the voltage- | 19.33477692 mS/cm?
gated Na* channels

gA The conductance of the fast A-type | 0.02762257 mS/cm?
K* channels

gKs The conductance of the slowly | 0.089453858 mS/cm?
inactivating K* channels

gKca The conductance of the Ca?*-|3.056566755 mS/cm?
dependent K* channels

ONaP The conductance of the persistent | 1.07002588 mS/cm?
Na* channels

JAR The conductance of the inwardly | 0.029441142 mS/cm?
rectifying K* channels

JAMPA The conductance of the AMPA | 0.045167775 pS
receptors

ONMDA The conductance of the NMDA | 0.010225012 uS

Tca

The time constant of Ca?* efflux

87.03628253 ms

TNa

The time constant of Na* efflux

1058.482063 ms




Table S6. Parameters used in Representative parameter sets in the revised
NAN model, related to Figure S7

Parameter Description Value

C Membrane Capacitance 1 yF/cm?

A Area of Neuron 0.02 mm?

VNa Sodium reversal potential 55 mV

Vk Potassium reverse potential -100 mV

Vca Calcium reversal potential +120mV

Ke Dissociation constant of KNa | 32 uM
channels

Kf Parameter in KNa channels 3

VieNa Leak Na* reversal potential 0 mVv

ONa Coefficient of Na* entry 1.0 yM/(nA ms)

oK The conductance of the voltage- | 48.19198701 mS/cm?
gated K* channels

guNav The conductance of the UNaV | 6.104226316 mS/cm?
channels

OKNa The conductance of KNa channels | 9.657438734 mS/cm?

JLeak The conductance of the leak | 0.062345227 mS/cm?
channels

gca The conductance of the voltage- | 0.391216425 mS/cm?
gated Ca?* channels

TNa The time constant of Na* efflux 6638.79306935 ms

TK The time constant of K* influx 9958.189604025 ms

Tca The time constant of Ca?* efflux 121 ms

X Shift of the activation curve 28.21858435 mV

y Shift of the inactivation curve -7.96971366 mV




Table S7. Parameters used in Representative parameter sets in the revised
NAN model with Na*/K* ATPase, related to Figure S7

Parameter Description Value

C Membrane Capacitance 1 yF/cm?

A Area of Neuron 0.02 mm?

VNa Sodium reversal potential 55 mV

Vk Potassium reverse potential -100 mV

Vca Calcium reversal potential +120 mV

Ke Dissociation constant of KNa | 32 uM
channels

Kf Parameter in KNa channels 3

VieNa Leak Na* reversal potential 0 mVv

ONa Coefficient of Na* entry 1.0 yM/(nA ms)

oK The conductance of the voltage- | 90.22913406 mS/cm?
gated K* channels

guNav The conductance of the UNaV | 18.22838513 mS/cm?
channels

ONaK The conductance of Na*/K* ATPase | 98.68629964 mS/cm?

JLeak The conductance of the leak | 0.074996331 mS/cm?
channels

gca The conductance of the voltage- | 0.039755106 mS/cm?
gated Ca?* channels

Tca The time constant of Ca?* efflux 121 ms

X Shift of the activation curve 29.9540276 mV

y Shift of the inactivation curve 15.91732198 mV




Table S8. Parameters used in Representative parameter sets in the revised
FNAN model, related to Figure S7

Parameter Description Value

C Membrane Capacitance 1 yF/cm?

A Area of Neuron 0.02 mm?

VNa Sodium reversal potential +55 mV

Vk Potassium reverse potential -100 mV

ThA Time-constant of ha 15 ms

Vca Calcium reversal potential +120 mV

Kd Dissociation constant of KCa | 30 uM
channels

Ke Dissociation constant of KNa | 32 uM
channels

Kf Parameter in KNa channels 3

VAmPA AMPAR reversal potential 0 mVv

VNMDA NMDAR reversal potential 0 mVv

VGaBa GABAAR reversal potential -70 mV

VieNa Leak Na* reversal potential 0 mVv

Oca Coefficient of Ca?* entry 0.5 uM/(nA ms)

ONa Coefficient of Na* entry 1.0 yM/(nA ms)

Ok The conductance of the voltage- | 72.12222201 mS/cm?
gated K* channels

guNav The conductance of the UNaV | 0.304654151 mS/cm?
channels

OKNa The conductance KNa channels 10.06806462 mS/cm?

OLeak The conductance of the leak | 0.040563611 mS/cm?
channels




gca The conductance of the voltage- | 0.294154229 mS/cm?
gated Ca?* channels

X Shift of the activation curve 18.4297867 mV

y Shift of the inactivation curve 34.85857952 mV

ONa The conductance of the voltage- | 1.422098676 mS/cm?
gated Na* channels

gA The conductance of the fast A-type | 0.01332761 mS/cm?
K* channels

gKs The conductance of the slowly | 0.239625682 mS/cm?
inactivating K* channels

gKca The conductance of the Ca?*-|0.205446971 mS/cm?
dependent K* channels

ONaP The conductance of the persistent | 3.071575267 mS/cm?
Na* channels

JAR The conductance of the inwardly | 0.020469817 mS/cm?
rectifying K* channels

JAMPA The conductance of the AMPA | 0.023553782 uS
receptors

ONMDA The conductance of the NMDA | 0.04138171 pS
receptors

JGABA The conductance of the GABAa | 0.0 uS
receptors

Tca The time constant of Ca?* efflux 70.63624625 ms

TNa

The time constant of Na* efflux

3352.688071 ms

TK

The time constant of K* efflux

5029.0321065 ms
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